
Quantum Error Correction Near the Hashing Bound with
Linear-Time Decoding in Code Length

Kenta Kasai

Institute of Science Tokyo

Quantum Error Correction Theory Workshop for Young Researchers
December 17–19, 2025

1 / 18



From Classical Coding Theory to Quantum Error Correction

Classical Coding Theory: A Completed Success

Classical coding theory has reached a highly mature stage, achieving channel capacity
with BP decoding and complexity linear in the block length.

The natural question is whether these powerful classical principles can be carried over
to quantum error correction.

What We Have Learned from Classical LDPC Codes

BP decoding exploits the sparsity of the parity-check matrix H and iteratively updates
the reliability of each bit using local parity constraints.

Density evolution reveals that regular degree distributions of H already yield excellent
BP performance in the waterfall region.

Imposing a column weight ≥ 3 in random sparse codes guarantees linear growth of the
minimum distance.

The girth of the Tanner graph plays a central role in both decoding dynamics and
distance properties.

Non-binary LDPC codes over finite field extensions achieve strong BP performance
even with column weight two.

Ultimately, the minimum distance determines the error-floor behavior.

Example: (3, 6)-regular Code

H =




Example: Tanner graph
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Numerical Results: Qubit Codes Based on Non-Binary LDPC Codes

Let us first present the decoding performance of the proposed scheme. The following performance has been
achieved.

A clear threshold-like FER curve is observed,
approaching the hashing bound.

Belief propagation decoding has linear complexity in the
number of logical qubits. No OSD or heavy
post-processing is used.

No error floor has been observed down to a frame error
rate of at least 10−4[<35△9△16M .

A remarkably high coding rate is achieved: R ≥ 1/3.

The number of logical qubits is close to k = 106, which
is exceptionally large for quantum LDPC codes.

A GPU implementation enables a decoding throughput
of approximately 1M [qbps].

a
https://github.com/kasaikenta/gd-css-decoder

b
https://github.com/NagatsukiSep/gd-css-decoder
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aKomoto and Kasai, npj Quantum Information, 2025.
bKasai, Hagiwara, Imai, and Sakaniwa, IEEE Trans. IT, 2011.
cK. Kasai, arXiv:2506.15636, 2025.
dK. Kasai, IEEE ISTC 2025.
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General Procedure of Error Correction

Classical Error Correction

1. A classical LDPC code is defined by a single
parity-check matrix H.

2. Physical noise is described by a binary error
vector e ∈ Fn

2 .

3. We measure the syndrome

s = He.

4. The decoder finds ê such that

Hê = s.

5. Success criterion.

ê+ e ∈ {0}.

Quantum Error Correction

1. Quantum LDPC codes require two matrices
HX , HZ satisfying

HXHT
Z = 0.

2. Physical noise is described by (x, z).

3. We measure

sX = HXz, sZ = HZx.

4. The decoder finds x̂, ẑ such that

HZ x̂ = sZ , HX ẑ = sX .

5. Success criterion.

x̂+ x ∈ C⊥
Z , ẑ + z ∈ C⊥

X .
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General Construction of Quantum LDPC Codes

Quantum LDPC codes require two parity-check matrices, HX and HZ , which must satisfy the orthogonality
condition

HXHT
Z = 0 (over F2).

This commutativity constraint tightly couples the design of HX and HZ , severely restricting the row and
column weight distributions as well as the achievable girth.

As a consequence, many constructions start from a pair of highly structured and fully orthogonal sparse full
matrices, which typically yield zero quantum rate R = (n− rank(HX)− rank(HZ))/n = 0.

H
(ful)
X

(
H

(ful)
Z

)T
= 0.

The final parity-check matrices HX and HZ are obtained by removing a subset of check rows from the full
matrices in order to achieve the desired code rate.

H
(ful)
X =

[
HX

H
(res)
X

]
, H

(ful)
Z =

[
HZ

H
(res)
Z

]

Each row z of H
(res)
X , which typically has low weight, automatically satisfies HZz

T = 0, and hence z ∈ CZ . In
general, z /∈ C⊥

X , so z acts as a Z-type logical operator in CZ \ C⊥
X .
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Key Ingredients Behind the Proposed Quantum LDPC Codes

The proposed performance is achieved by combining the following key
ingredients.

We adopt a generalized Hagiwara–Imai construction.

Commutativity between HX and HZ is precisely controlled using affine
permutation matrices (APMs).

For non-binary LDPC codes over finite-field, a column weight of J = 2 is
optimal, enabling ultra-sparse parity-check matrices and guaranteeing a
large girth (≥ 12).

When the column weight is J = 2, all codewords are generated by cycles
or unions of cycles in the Tanner graph. By carefully assigning
non-binary symbols, such cycle-based structures are prevented from
forming valid codewords, thereby eliminating small logical errors.

Joint belief propagation decoding is used to fully exploit correlations
between X and Z errors.

Dominant error events caused by trapping sets associated with length-12
cycles in the error-floor region are corrected by a post-processing
algorithm with On(1) complexity.

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10 0.11 0.12

R
=

3
/4

, 
n
=

9
8
,3

0
4
, 
d
<

=
1
0

R
=

3
/5

, 
n
=

8
1
,9

2
0
, 
d
<

=
9

R
=

1
/2

, 
n
=

8
0
6
,4

0
0
, 
d
<

=
1
4

R
=

1
/3

, 
n
=

3
1
2
,0

0
0
, 
d
<

=
1
4

Hashing Bound

F
ra

m
e 

E
rr

o
r 

R
at

e

Physical Error Rate pD

aKomoto and Kasai, npj Quantum

Information, 2025.
bKasai, Hagiwara, Imai, and Sakaniwa, IEEE

Trans. IT, 2011.
cK. Kasai, arXiv:2506.15636, 2025.
dK. Kasai, ISTC 2025.

6 / 18



Generalized Hagiwara–Imai Construction: (J, L)-Regular LDPC CSS Codes

The generalized Hagiwara–Imai construction provides a systematic method for constructing (J, L)-regular
LDPC CSS codes by arranging permutation blocks in a cyclic manner.

Let {Fi}L/2−1
i=0 and {Gi}L/2−1

i=0 be P × P permutation matrices.

The full parity-check matrices H
(ful)
X and H

(ful)
Z are defined as L/2×L block-circulant matrices, where each

block row is obtained by a one-step cyclic shift.
Example: with J = 2, L = 6

H
(ful)
X =

 F0 F1 F2 G0 G1 G2

F2 F0 F1 G2 G0 G1

F1 F2 F0 G1 G2 G0

 , H
(ful)
Z =

 G−1
0 G−1

1 G−1
2 F−1

0 F−1
1 F−1

2

G−1
2 G−1

0 G−1
1 F−1

2 F−1
0 F−1

1

G−1
1 G−1

2 G−1
0 F−1

1 F−1
2 F−1

0

 .

The final parity-check matrices HX and HZ are obtained by taking the upper J block rows of H
(ful)
X and

H
(ful)
Z , respectively, resulting in (J, L)-regular LDPC matrices.
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Generalized Hagiwara–Imai Construction: Commutativity Controls Orthogonality

Enforcing commutativity for all permutation blocks {Fi}, {Gj} guarantees orthogonality, but it also induces
low-weight logical errors and limits the minimum distance.

Key idea: relax commutativity.
Instead of enforcing commutativity for all permutation blocks, we require commutativity only for those block
pairs that are strictly necessary to guarantee orthogonality between HX and HZ .

Commutativity controls orthogonality.
Orthogonality between HX and HZ is governed by the commutation relations among the permutation blocks Fi

and Gj . Let
∆J := {(k − i) mod L2 | 0 ≤ i, k ≤ J − 1} ⊆ {0, 1, . . . , L2 − 1}.

If, for every r ∈ ∆J and every u ∈ {0, 1, . . . , J − 1},

Fu Gr−u = Gr−u Fu,

then the orthogonality condition HXHT
Z = 0 is satisfied.

Non-commutativity breaks distance limitations.
By deliberately allowing non-commutativity outside this necessary subset, the rigid algebraic structure is broken.
As a result, stringent upper bounds inherent to fully commutative constructions, such as dmin ≤ L on the
minimum distance and g ≤ 2L on the girth, can be lifted.
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Affine Permutation Matrices for Controlled Commutativity

Commutativity among permutation blocks guarantees the orthogonality
condition HXHT

Z = 0, while deliberately introduced non-commutativity is a key
ingredient for avoiding overly restrictive structures and lifting conventional
upper bounds on the minimum distance.

However, designing permutations that satisfy prescribed commutativity and
non-commutativity patterns is highly nontrivial among general permutation
matrices.

Affine permutation matrices (APMs). An affine permutation on ZP is

f(x) = ax+ b (mod P ), a ∈ Z×
P , b ∈ ZP .

For two affine permutations f(x) = a1x+ b1 and g(x) = a2x+ b2, the
commutativity condition f ◦ g = g ◦ f reduces to simple algebraic constraints:

(a1 − 1)b2 = (a2 − 1)b1 (mod P ).

As a result, APMs allow commutativity and non-commutativity to be explicitly
designed through algebraic parameters, rather than searched combinatorially.

F =

General permutation:

f(x) = (6, 2, . . . , 8, 11, 0)

F =

Affine permutation:

f(x) = 2x + 3 (mod P = 15)

F =

Circulant permutation:

f(x) = x + 4 (mod P = 15)
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Cycle Detection via Composition of APMs (J = 2)

HX :=

(
F0 F1 F2 G0 G1 G2

F2 F0 F1 G2 G0 G1

)
, HZ :=

(
G−1

0 G−1
1 G−1

2 F−1
0 F−1

1 F−1
2

G−1
2 G−1

0 G−1
1 F−1

2 F−1
0 F−1

1

)
(J = 2).

Assume that all blocks Fi and Gi are affine permutation matrices (APMs).

The existence of a length-4 cycle in the corresponding 2× 2 block submatrix is equivalent to the existence
of a fixed point of a certain composite affine permutation, namely,

f−1
0 ◦ f1 ◦ f−1

0 ◦ f2(x) = x for some x ∈ [P ].

For APMs, the composite map is again affine,

f−1
0 ◦ f1 ◦ f−1

0 ◦ f2(x) = ax+ b (mod P ),

and the existence of fixed points can be checked by a simple gcd condition: gcd(a− 1, P ) | b.
Therefore, the existence of 4-cycles is reduced to checking whether the corresponding composition of
APMs admits a fixed point.

This approach naturally generalizes to cycles of length ℓ. By exploiting the ultra-sparse structure induced
by column weight J = 2, we can systematically avoid short cycles and achieve a girth of 12.
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Non-Binary Extension

We extend the parity-check matrices to the finite field
GF(2e). In this work, we use e = 8.

Each finite-field element αi is represented, in the
parity-check matrix, by an e× e binary matrix Ai, where α
is a primitive element defined by a primitive polynomial
p(α) = 0, and A is the corresponding companion matrix.

Note that, since non-binary symbols are represented by
binary companion matrices, the proposed code can be
regarded as a qubit code, rather than a qudit code.

A column weight of J = 2 is optimal, enabling ultra-sparse
parity-check matrices and guaranteeing a large girth (≥ 12).

Belief propagation decoding updates probability distributions
over GF(2e).

Follow-Up Study on “Efficient Mitigation
of Error Floors in Quantum Error

Correction using Non-Binary LDPC Codes”
Kenta Kasai
Science Tokyo

Background
Previous studies [1, 2] have shown that quantum
error-correcting codes based on Fq-valued LDPC
codes exhibit near-hashing-bound decoding
performance over the depolarizing channel using joint
belief propagation (BP) decoding (see Fig. 1).
However, for codes with low coding rate R and large
blocklength n, a significant error floor was observed
(see Fig. 1).
In the error floor regime, the joint BP algorithm was
trapped in a small set of short cycles on the Tanner
graph, resulting in decoding failures on a small number
of noise components (see Fig. 4).

1. A previous study [3] addressed this issue for R = 1/2
by designing codes that avoid such short cycle
structures.

2. This work aims to resolve the error floor problem even
for codes with R = 1/3!

entries represent zero):

HΓ =

)



3F 4F 40 89 0A F1
D9 68 0D BC 4B 18

A9 4C 63 81 78 5C
79 0B E1 89 98 77

B9 FE 5F 86 AA 0B
01 F6 30 41 4B C7

A9 D1 3F C7 5A EA
C8 C8 AA EE A7 5F

BD 68 3B E7 37 B1
61 88 02 44 80 D7

CA 5D 6F F3 C7 43
8C 4E D3 16 CD 6D

97 BE A4 2D 85 B7
0E A7 AC 92 0C 58

D7 F3 7C 89 08 D4
C3 75 30 4D 87 5C





,

H∆ =

)



ED AC A6 16 EF 93
C4 7C 91 B4 C7 E5

D6 78 2E 0A 13 D5
B1 5C D8 71 C3 AC

34 AB 12 16 15 9B
3E EF 59 18 0E 83

D0 06 CD 86 8F F9
7F 58 21 9C 06 87

3D DC F3 E6 72 5C
0F 1D 14 F6 9D 1B

58 50 C2 16 89 0E
14 59 47 05 F4 9B

5A 7D CC 48 69 C1
C0 88 4C 0A 76 A0

21 3F 40 B7 70 AA
6F 88 24 3E 90 72





.

Each nonzero entry such as 0F represents the field element α15, where α is a fixed primitive element of Fq, and the
exponent is the decimal equivalent of the hexadecimal value. The nonzero support (positions) of HΓ and H∆ matches
those of the corresponding binary matrices ĤX and ĤZ . The matrices HΓ and H∆ are constructed to be orthogonal.
For example, let us examine the orthogonality between the 7th row of HΓ and the 5th row of H∆. These rows contain
the following intersecting non-zero entries:

HΓ[7, ·] = (α200,α238), H∆[5, ·] = (α62,α24).
Then, their inner product is given by:

α200 · α62 + α238 · α24 = α(200+62) mod 255 + α(238+24) mod 255 = α7 + α7 = 0.

This confirms that the two rows are orthogonal over F256. !

III-C Construction of HX and HZ

In this section, we construct orthogonal F2-valued matrices HX and HZ of size m→n from the orthogonal Fq-valued
matrices HΓ and H∆ of size M →N obtained in the previous section, where n = eN and m = eM . This construction
follows the method used in [30] and [31]. The matrices HX and HZ are constructed from HΓ and H∆ as follows. The
theoretical justification and proofs, which were omitted in [30] and [31], are provided in the appendices.

The companion matrix A(γ) ∈ Fe→e
2 for γ ∈ Fq are defined in Appendices A. Using the mapping A, we construct

the binary parity-check matrices (HX , HZ) as follows:
HX =

(
A(γi,j)

{
, HZ =

(
A(δi,j)"{.

From the properties of the companion matrix, it can be verified that (HX , HZ) are orthogonal:
HXH"

Z = O. (11)
A proof of (11) is provided in Appendix C.

We denote by CΓ and C∆ the Fq-linear spaces defined as the null spaces of the matrices HΓ and H∆, respectively:
CΓ = {ξ ∈ FN

q | HΓξ = 0}, C∆ = {ξ ∈ FN
q | H∆ξ = 0}.

Likewise, we denote by CX and CZ the F2-linear spaces defined as the null spaces of the binary matrices HX and HZ ,
respectively:

CX = {x ∈ Fn
2 | HXx = 0}, CZ = {x ∈ Fn

2 | HZx = 0}.

Results

Figure 1. Quantum error correction performance of the conventional
method [2] over the depolarizing channel (pD using Fq-valued LDPC codes
(e = 8, q = 2e). The code parameters are [[n = 2ePL, k = nR, d  10]]. A
clear error floor appears at coding rate R = 1/3.

Figure 2. Performance comparison between the proposed method and the
conventional method [2] (both code construction and decoding). Proposed
code + proposed decoder (red), conventional code + conventional decoder
(blue). Conventional code: [[312000, 104000, 10]]; Proposed code:
[[312000, 104000, 14]], with P = 6500.

Figure 3. Physical error rate pD for achieving FER = 10�4 as a function of
coding rate R. The proposed method achieves performance close to the
hashing bound across a wide range of coding rates.

Conventional Method: Joint BP Decoding
1. Joint BP decoding iteratively
estimates the X/Z noise vectors
(x, z) from the syndromes (s, t).

2. Degeneracy of quantum errors is
not considered; decoding is
declared successful if the
estimated noise matches the true
noise.

3. Even at low noise levels, decoding
occasionally fails—this is the error
floor phenomenon:
(a) In the error floor regime, decoding

failures involved noise affecting no
more than 12 qubits.

(b) These failures were always associated
with being trapped in a set of
length-12 cycles.

4. Goal: Eliminate the error floor!

Figure 4. Factor graph for joint BP decoding: an example of a
length-12 cycle.

Classification of the Three Cycle Types
Let P (C) be the proposition:

P (C) =

Here, (HZ)C denotes the submatrix ofHZ obtained by zeroing out all entries not involved in the
cycle C. We classify the cycle C by examining whether the associated subspace

NC := null((HZ)C) ⇢ CZ

is contained in C?
X
⇢ CZ.

1. If P (C) = true: Then NC = span(H (i)
X
) ⇢ C

?
X
⇢ CZ. This is classified as Type 1: correctable

degenerate errors.
2. If P (C) = false and (HZ)C is rank-deficient: Then NC \ {0} ⇢ CZ \ C?

X
. This is Type 2:

contains uncorrectable errors.
These cycles are problematic; our code construction aims to eliminate them.

3. If P (C) = false and (HZ)C has full rank: Then NC = {0}. This is Type 3: non-degenerate,
identifiable errors.

Proposed Decoding Algorithm
1. Run joint BP decoding. If the estimated noise x̂(`) at iteration ` satisfies the measured
syndrome, i.e.,

ŝ
(`) = HZx̂

(`) = s,

then decoding is successful and the process terminates.
2. From the history of x̂(`) and ŝ(`), estimate the set of cycles {C} in which the decoder is
trapped due to error-floor noise.
(We limit the number of detected cycles to u = 2.)

3. If the cycle set {C} is correctly identified, then the noise outside the cycles should have
been correctly estimated:

x̂{C} = x{C}.

4. Solve the following linear system over the finite field Fq for the unknown noise variables
x{C}:

(HZ){C}x{C} + (HZ){C}x̂{C} = s.

This is a low-dimensional system (number of variables  6u and rank  6u).
If a solution exists, assign any such solution to x̂{C}, and output the total estimated noise:

x̂ := x̂{C} + x̂{C}.

5. If no solution exists, return to step 1 and continue decoding.

Conclusion and Outlook
1. Achieved quantum error correction performance near the hashing bound even at low
coding rates.

2. Next goal: extend to lower rates (i.e., higher noise levels pD).
3. Aim to realize similar performance using binary codes.
4. Explore applications to memory channels and multiple-access quantum communication.
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用語

LDPC: Low-Density Parity-Check
BP:Sum-Product
APM:Affine Permutation Matrix

ISIT2025 Recent Posters Session

Figure: Example of non-binary parity-check matrix
HZ over GF(28).

Figure: Companion matrix A and its powers
A2, A3, . . . , A254 = A−1 over GF(2).
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Eliminating Small Logical Errors for J = 2

When the column weight is J = 2, every codeword
is generated by a single cycle or a union of cycles in
the Tanner graph.

Such cycle-based structures in the removed rows
H

(res)
X and H

(res)
Z naturally lead to small-weight

codewords, which become dominant sources of
logical errors.

By carefully assigning non-binary symbols to the
edges (or blocks), these cycles are made rank-full.

As a result, the cycle-based structures no longer
form valid codewords, effectively eliminating small
logical errors.

Follow-Up Study on “Efficient Mitigation
of Error Floors in Quantum Error

Correction using Non-Binary LDPC Codes”
Kenta Kasai
Science Tokyo

Background
Previous studies [1, 2] have shown that quantum
error-correcting codes based on Fq-valued LDPC
codes exhibit near-hashing-bound decoding
performance over the depolarizing channel using joint
belief propagation (BP) decoding (see Fig. 1).
However, for codes with low coding rate R and large
blocklength n, a significant error floor was observed
(see Fig. 1).
In the error floor regime, the joint BP algorithm was
trapped in a small set of short cycles on the Tanner
graph, resulting in decoding failures on a small number
of noise components (see Fig. 4).

1. A previous study [3] addressed this issue for R = 1/2
by designing codes that avoid such short cycle
structures.

2. This work aims to resolve the error floor problem even
for codes with R = 1/3!

entries represent zero):

HΓ =

)



3F 4F 40 89 0A F1
D9 68 0D BC 4B 18

A9 4C 63 81 78 5C
79 0B E1 89 98 77

B9 FE 5F 86 AA 0B
01 F6 30 41 4B C7

A9 D1 3F C7 5A EA
C8 C8 AA EE A7 5F

BD 68 3B E7 37 B1
61 88 02 44 80 D7

CA 5D 6F F3 C7 43
8C 4E D3 16 CD 6D

97 BE A4 2D 85 B7
0E A7 AC 92 0C 58

D7 F3 7C 89 08 D4
C3 75 30 4D 87 5C





,

H∆ =

)



ED AC A6 16 EF 93
C4 7C 91 B4 C7 E5

D6 78 2E 0A 13 D5
B1 5C D8 71 C3 AC

34 AB 12 16 15 9B
3E EF 59 18 0E 83

D0 06 CD 86 8F F9
7F 58 21 9C 06 87

3D DC F3 E6 72 5C
0F 1D 14 F6 9D 1B

58 50 C2 16 89 0E
14 59 47 05 F4 9B

5A 7D CC 48 69 C1
C0 88 4C 0A 76 A0

21 3F 40 B7 70 AA
6F 88 24 3E 90 72





.

Each nonzero entry such as 0F represents the field element α15, where α is a fixed primitive element of Fq, and the
exponent is the decimal equivalent of the hexadecimal value. The nonzero support (positions) of HΓ and H∆ matches
those of the corresponding binary matrices ĤX and ĤZ . The matrices HΓ and H∆ are constructed to be orthogonal.
For example, let us examine the orthogonality between the 7th row of HΓ and the 5th row of H∆. These rows contain
the following intersecting non-zero entries:

HΓ[7, ·] = (α200,α238), H∆[5, ·] = (α62,α24).
Then, their inner product is given by:

α200 · α62 + α238 · α24 = α(200+62) mod 255 + α(238+24) mod 255 = α7 + α7 = 0.

This confirms that the two rows are orthogonal over F256. !

III-C Construction of HX and HZ

In this section, we construct orthogonal F2-valued matrices HX and HZ of size m→n from the orthogonal Fq-valued
matrices HΓ and H∆ of size M →N obtained in the previous section, where n = eN and m = eM . This construction
follows the method used in [30] and [31]. The matrices HX and HZ are constructed from HΓ and H∆ as follows. The
theoretical justification and proofs, which were omitted in [30] and [31], are provided in the appendices.

The companion matrix A(γ) ∈ Fe→e
2 for γ ∈ Fq are defined in Appendices A. Using the mapping A, we construct

the binary parity-check matrices (HX , HZ) as follows:
HX =

(
A(γi,j)

{
, HZ =

(
A(δi,j)"{.

From the properties of the companion matrix, it can be verified that (HX , HZ) are orthogonal:
HXH"

Z = O. (11)
A proof of (11) is provided in Appendix C.

We denote by CΓ and C∆ the Fq-linear spaces defined as the null spaces of the matrices HΓ and H∆, respectively:
CΓ = {ξ ∈ FN

q | HΓξ = 0}, C∆ = {ξ ∈ FN
q | H∆ξ = 0}.

Likewise, we denote by CX and CZ the F2-linear spaces defined as the null spaces of the binary matrices HX and HZ ,
respectively:

CX = {x ∈ Fn
2 | HXx = 0}, CZ = {x ∈ Fn

2 | HZx = 0}.

Results

Figure 1. Quantum error correction performance of the conventional
method [2] over the depolarizing channel (pD using Fq-valued LDPC codes
(e = 8, q = 2e). The code parameters are [[n = 2ePL, k = nR, d  10]]. A
clear error floor appears at coding rate R = 1/3.

Figure 2. Performance comparison between the proposed method and the
conventional method [2] (both code construction and decoding). Proposed
code + proposed decoder (red), conventional code + conventional decoder
(blue). Conventional code: [[312000, 104000, 10]]; Proposed code:
[[312000, 104000, 14]], with P = 6500.

Figure 3. Physical error rate pD for achieving FER = 10�4 as a function of
coding rate R. The proposed method achieves performance close to the
hashing bound across a wide range of coding rates.

Conventional Method: Joint BP Decoding
1. Joint BP decoding iteratively
estimates the X/Z noise vectors
(x, z) from the syndromes (s, t).

2. Degeneracy of quantum errors is
not considered; decoding is
declared successful if the
estimated noise matches the true
noise.

3. Even at low noise levels, decoding
occasionally fails—this is the error
floor phenomenon:
(a) In the error floor regime, decoding

failures involved noise affecting no
more than 12 qubits.

(b) These failures were always associated
with being trapped in a set of
length-12 cycles.

4. Goal: Eliminate the error floor!

Figure 4. Factor graph for joint BP decoding: an example of a
length-12 cycle.

Classification of the Three Cycle Types
Let P (C) be the proposition:

P (C) =

Here, (HZ)C denotes the submatrix ofHZ obtained by zeroing out all entries not involved in the
cycle C. We classify the cycle C by examining whether the associated subspace

NC := null((HZ)C) ⇢ CZ

is contained in C?
X
⇢ CZ.

1. If P (C) = true: Then NC = span(H (i)
X
) ⇢ C

?
X
⇢ CZ. This is classified as Type 1: correctable

degenerate errors.
2. If P (C) = false and (HZ)C is rank-deficient: Then NC \ {0} ⇢ CZ \ C?

X
. This is Type 2:

contains uncorrectable errors.
These cycles are problematic; our code construction aims to eliminate them.

3. If P (C) = false and (HZ)C has full rank: Then NC = {0}. This is Type 3: non-degenerate,
identifiable errors.

Proposed Decoding Algorithm
1. Run joint BP decoding. If the estimated noise x̂(`) at iteration ` satisfies the measured
syndrome, i.e.,

ŝ
(`) = HZx̂

(`) = s,

then decoding is successful and the process terminates.
2. From the history of x̂(`) and ŝ(`), estimate the set of cycles {C} in which the decoder is
trapped due to error-floor noise.
(We limit the number of detected cycles to u = 2.)

3. If the cycle set {C} is correctly identified, then the noise outside the cycles should have
been correctly estimated:

x̂{C} = x{C}.

4. Solve the following linear system over the finite field Fq for the unknown noise variables
x{C}:

(HZ){C}x{C} + (HZ){C}x̂{C} = s.

This is a low-dimensional system (number of variables  6u and rank  6u).
If a solution exists, assign any such solution to x̂{C}, and output the total estimated noise:

x̂ := x̂{C} + x̂{C}.

5. If no solution exists, return to step 1 and continue decoding.

Conclusion and Outlook
1. Achieved quantum error correction performance near the hashing bound even at low
coding rates.

2. Next goal: extend to lower rates (i.e., higher noise levels pD).
3. Aim to realize similar performance using binary codes.
4. Explore applications to memory channels and multiple-access quantum communication.
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用語

LDPC: Low-Density Parity-Check
BP:Sum-Product
APM:Affine Permutation Matrix
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We extract only the nonzero components involved in the equation H∆h→
kr = 0. The relevant portion can be represented

as the following matrix-vector product:
)



7C E5
12 15

3E 18
1D F6

C2 0E
6F 90





)



C8
C8
AA
EE
A7
5F




= 0

!
Discussion 1. In contrast to the cases k = 0, 1, the UTCBCs u(k) for k = 2 can negatively affect the minimum
distance dZ . As an example, consider the cycle C in HΓ highlighted in red in Example 4. The cycle C corresponds to a
square matrix of size L:

)



3F F1
4C 78

E1 89
8C 16

A4 85
F3 D4





In this instance, the matrix C happens to be of full rank, and hence the associated subcode N(C; HΓ) is the trivial (zero-
dimensional) subspace consisting only of the all-zero codeword. That is, N(C; HΓ) = {0}. However, if the arrangement of
nonzero symbols in HΓ were unfortunate and C failed to be full rank, then N(C; HΓ) would become a one-dimensional
subspace, containing a nonzero codeword. Such a codeword corresponds to an uncorrectable logical error and can
degrade the minimum distance dZ (see (13)).

Therefore, eliminating or carefully controlling UTCBCs u(2) is crucial for ensuring that the minimum distance
remains large.

V Proposed Code Construction
This section proposes an improved construction of the matrices ĤX , ĤZ , HΓ, H∆, HX and HZ , based on the

observations made in the previous section.
As shown in Theorem 3, the conventional codes presented in [31] inevitably contain length-2L cycles C that belong

to the UTCBCs u(k) for k → {0, 1, 2}. Among these, cycles in u(0) and u(1) are harmless to the minimum distance of
the code, as established in Theorem 5. In contrast, as explained in Discussion 1, cycles in UTCBC u(2) may introduce
low-weight codewords, depending on the specific values of the nonzero entries along the cycle, and therefore can degrade
the minimum distance of CΓ. The same argument applies to H∆ by symmetry, by interchanging the roles of HΓ and
H∆.

In a related work [34], the error floor was successfully reduced for a code with L = 8 and rate R = 1/2 by eliminating
all length-2L cycles. However, for the target parameters considered in this paper, namely J = 2, L = 6 and R = 1/3,
length-2L cycles in UTCBCs are unavoidable due to Theorem 3.

V-A Guiding Principles for the Construction
The objective of this section is to refine the conventional construction method of [31] (see Section III) so that the

resulting codes satisfy the following three properties:
1) The matrices ĤX and ĤZ contain no cycles of length less than 2L.
2) All length-2L cycles in ĤX and ĤZ belong to one of the UTCBCs u(k) with k → {0, 1, 2}.
3) For all length-2L cycles C belonging to the UTCBC u(2) in HΓ and H∆, the null spaces N(C; HΓ) and N(C; H∆)

are equal to {0}, respectively. In other words, each such cycle C must have full rank L (see Discussion 1).
Although eliminating all length-12 cycles requires L ≥ 8 (see Theorem 3), our goal is to achieve robust performance
even when L = 6 by carefully managing the structure and impact of UTCBCs.

In this section, we explicitly construct permutations f and g, along with the associated matrices ĤX , ĤZ , HΓ,
and H∆. Our goal is not merely to construct a single pair (ĤX , ĤZ) that satisfies the required conditions, but rather
to randomly sample such pairs from the space of all valid constructions. This randomized approach is essential for
harnessing the performance advantages of LDPC codes viewed as random codes [9].

Figure: If a cycle of length 2ℓ is rank-deficient, then a cycle
codeword of weight ℓ exists.

2Kasai, Hagiwara, Imai, and Sakaniwa, IEEE Trans. Information Theory, 2011.
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Joint BP decoding5

Non-binarized matrices: HX and HZ over GF(28)

Measure syndromes:

s = HZx, t = HXz

Joint BP decoding exploits the sparsity of the parity-check
matrix H and iteratively updates the reliability of each bit
using local parity constraints.

Joint BP iteratively and simultaneously estimates estimates
x̂ and ẑ at each iteration.

Error correction is regarded as successful if and only if

x+ x̂ ∈ C⊥
X and z + ẑ ∈ C⊥

Z .

Towards Practical Quantum Error Correction: Near-Optimal
Performance and Floor Mitigation via Non-Binary LDPCCodes

A Review of Recent Developments in
Quantum Error Correction Using Non-Binary LDPC Codes

Kenta Kasai (Science Tokyo)

Summary
Recent studies [1, 2, 3, 4] have demonstrated
that binary CSS codes constructed from Fq-
valued LDPC codes can achieve decoding per-
formance close to the hashing bound over the
depolarizing channel, when joint belief propaga-
tion (BP) decoding is employed. Notably, this
high performance is attained while maintaining
decoding complexity proportional to the code
length.

Background
Conventional quantum LDPC codes have suf-
fered from the following drawbacks:

Low code rate,
Lack of scalability,
Absence of a threshold phenomenon,
High error floors,
Poor decoding thresholds,
Heavy post-processing required after BP
decoding.

In sharp contrast, classical coding theory is
highly mature, and such issues have long been
resolved in classical LDPC codes. Nevertheless,
quantum LDPC codes still face these challenges.

Code Construction
1. Use APM-LDPC Matrices

Affine permutation matrices (APMs) offer
greater randomness than circulant
permutation matrices (CPMs), leading to
better code diversity.

APM CPM
c(r) = 4r + 1 c(r) = r + 5

2. Avoid Short Cycles
The rich algebraic structure of APMs
facilitates the elimination of short cycles in
the Tanner graph, which is critical for
improving decoding performance.

3. Choose Fq entries to increase the minimum
distance.
Codes defined over Fq tend to achieve a
larger minimum distance, enhancing their
error correction capability.

Figure 1. Example of parity-check matrices HZ and HX

over Fq (q = 256). Column weight two.

Joint BP Decoding Algorithm
1. Measure the syndromes:

s = HZx and t = HXz.

2. Perform joint BP decoding to iteratively
estimate the X and Z noise vectors (x̂, ẑ)
such that

s = HZx̂ and t = HXẑ.

require only O(Jq) operations per message. Since performance improves by increasing P , and assuming q is fixed, the
overall computational complexity is proportional to the number of physical qubits n = ePL. ex:030406_16May25
Example 7. Based on the 16→ 48 binary matrices ĤX and ĤZ given in Example 3, we construct the corresponding
Fq-valued matrices HΓ and H∆ using the Komoto–Kasai construction. These matrices are are used to draw the factor
graph associated with Eq. (12), as shown in Fig. 1. The Tanner graphs on the left and right correspond to (ĤZ , H∆)
and (ĤX , HΓ), respectively. The edges are colored according to the classification introduced in Example 3. In addition,
the edges that form the cycle included in the unavoidable TCBC presented in Example 5 are drawn with thicker lines.
Each side contains 16 parity-check nodes. The variable nodes representing the noise variables ξj and ζj are also placed
on each side, with 48 nodes per side. The central factor nodes represent the joint distribution p(ξj , ζj) of the noise
variables. The directions of the messages passed along the edges are indicated at the bottom of the graph. !

[
)

j δijξj = σi] ξj p(ξj , ζj) ζj [
)

j γijζj = τi]

↑↑↑↑↑↑↓
ν(!),X

ji (ξj)
↑↑↑↑↑↑↓
λ(!),X

j (ξj)
←↑↑↑↑↑↑
λ(!),Z

j (ξj)
←↑↑↑↑↑↑
ν(!),Z

ji (ξj)
←↑↑↑↑↑↑
µ(!),X

ij (ξj)
←↑↑↑↑↑↑
κ(!),X

j (ξj)
↑↑↑↑↑↑↓
κ(!),Z

j (ξj)
↑↑↑↑↑↑↓
µ(!),Z

ij (ξj)

Fig. 1. Color-coded factor graph corresponding to blockwise-decomposed ĤZ and ĤX adjacency matrices.025851_16May25

VI-C Classification of Noise Estimation Errors Causing the Error Floor
図 2で、[5]の方法で構成された符号の SP復号の復号性能を実線で示した。L = 8, R = 0.5以上に対しては、高いエラーフロアが見られなず、ハッシング限界に近い性能を示している。一方、L = 6, R = 1/3に対しては、符号長を大きくするにしたがって、高いエラーフロアが現れて来てしまっている。エラーフロアの典型的な性質を紹介するために、次の特徴量を定義する。

Definition 2 (エラーフロアの特徴量、過去 d回までで推定ノイズとそのシンドロームの変化). For the output of the
sum-product algorithm at the *th iteration, the set of indices at which the estimated noise ξ̂

(!) is incorrect is defined

s x zp(x, z) t

Figure 2. Factor graph of joint BP

3. Decoding is considered successful if the true
error (x, z) and the estimated error (x̂, ẑ)
satisfy

x + x̂ 2 C?
X and z + ẑ 2 C?

Z .

4. If the joint BP decoder fails to find an
estimate (x̂, ẑ) satisfying

s = HZx̂ and t = HXẑ,

and it is suspected that the decoder is
trapped in a union of a small number of short
cycles.

Post-processing
1. Estimate the set of trapping cycles. This can
be done with a complexity independent of the
code length by exploiting the structure
formed by the shortest cycles.

2. For estimating X-noise, solve a linear system
involving the syndrome and the noise vector
associated with the cycles. This is done using
a submatrix of HZ restricted to the set of
column positions K corresponding to the
estimated cycles:

s = (HZ)KxK + (HZ)KxK

= (HZ)KxK + (HZ)Kx̂K

The size of K is independent of the code
length, and the system can be solved with
computational complexity O(|K|3). In our
case, |K|  12, even for long codes.

Example: When the decoder is trapped in the
blue cycle in Fig. 1, the following linear
system over Fq (q = 256) must be solved.

0

BBBBBB@

7C E5
12 15

3E 18
1D F6

C2 0E
6F 90

1

CCCCCCA

0

BBBBBB@

x0
x12
x17
x24
x34
x40

1

CCCCCCA
=

0

BBBBBB@

28
39
18
F0
7E
5F

1

CCCCCCA
.

3. Similarly, estimate the Z-noise vector by
solving the corresponding linear system.

Performance Evaluation

Figure 3. A threshold phenomenon close to the hashing
bound is observed over a wide range of code rates and
large block lengths, without any sign of an error floor.
Minimum distance: Prop. code dmin  14.

Figure 4. Physical error rate pD required to achieve FER =
10�4. The results demonstrate that the proposed method
achieves performance close to the hashing bound.

Conclusion
Our proposed approach successfully resolves all
of the major issues associated with conventional
quantum LDPC codes:

higher code rates,
scalability,
threshold-like behavior,
an unobservable error floor in simulations,
improved decoding thresholds, and
ultra-light post-processing.

These results suggest that it is possible to ap-
proach the level of performance achieved in
classical LDPC codes, even within the con-
straints of the quantum setting.
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Overview of Proposed Post-Processing Decoding Algorithm

1. First, we run joint belief propagation (BP) decoding for a
sufficiently large number of iterations. In most cases, this
step alone is enough to correctly estimate the noise.

2. In rare cases (approximately once in every 103 trials),
joint BP decoding fails to converge. In such events, the
number of unsatisfied syndromes does not decrease to
zero and the decoding process stagnates, typically due to
trapping in short cycles (e.g., cycles of length 12). When
this happens, we proceed to estimate the corresponding
trapping cycles.

3. Once the trapping cycles are identified, the remaining
undetermined noise components are estimated by solving
a small linear system of equations.
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Method: Estimation of Trapping Cycles

At each iteration, we keep track of the locations where
the estimated noise and the syndrome values have
recently changed:

K
(ℓ)
d : Estimated noise that have changed

within the past d iterations

I
(ℓ)
d : Syndromes of the estimated noise that

have changed within the past d iterations

For sufficiently large ℓ and d, it was observed that K
(ℓ)
d and

I
(ℓ)
d tend to cover the columns and rows of trapping cycles,
respectively.

This observation enables us to efficiently identify the
trapping cycles.

Figure: Transition of the joint BP decoding state over
iterations (d = 8).
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Method: Post-Processing Algorithm

To estimate the X-noise, we solve a linear system involving the syndrome s and the noise vector xK

associated with the trapping cycles. Specifically, we use a submatrix of HZ restricted to the set of column
positions K corresponding to the trapping cycles:

s = (HZ)KxK + (HZ)K x̂K .

The cardinality of K is independent of the code length. Hence, the system can be solved efficiently by
Gaussian elimination with computational complexity O(|K|3).
In our experiments, it was sufficient to take |K| = 12 to successfully resolve all trapping events.

Similarly, the Z-noise vector is estimated by solving the corresponding linear system.

Error correction is regarded as successful if and only if

x+ x̂ ∈ C⊥
X and z + ẑ ∈ C⊥

Z .
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Future Works and Conclusions

We proposed a quantum LDPC coding framework inspired by non-binary LDPC codes, achieving
threshold-like decoding performance close to the hashing bound.

By combining ultra-sparse structures with column weight J = 2, affine permutation matrices, and carefully
designed non-binary symbol assignments, we successfully eliminated small logical errors.

The use of companion-matrix representations allows non-binary algebra to be exploited while keeping the
physical code as a qubit code.

As an important future direction toward fault-tolerant quantum computation (FTQC), it is crucial to
incorporate realistic fault-tolerant noise models, including circuit-level noise, correlated errors, and noisy
and repeated syndrome measurements.

As an important future direction toward fault-tolerant quantum computation (FTQC), it is crucial to
incorporate realistic fault-tolerant noise models, including circuit-level noise and correlated errors.

We welcome collaborations on code constructions, decoding algorithms, noise modeling, and experimental
validation toward practical FTQC.
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(Optional): Conditions for Applying Density Evolution to Quantum LDPC Codes

Essential requirement for density evolution (DE):
For a fixed number of BP iterations, the computation graph must be locally tree-like.
Under this condition, incoming BP messages can be treated as independent, which justifies the DE recursion.

Role of the girth:
A girth that grows with the block length is a sufficient condition for guaranteeing local tree-likeness.
However, girth growth is not a necessary condition.

It is sufficient that, at any fixed depth, the neighborhood is tree-like with high probability.
In random sparse graph ensembles, local tree-likeness can hold even when the girth remains bounded.

Structural constraints specific to quantum LDPC codes:
In the full GF(4) Tanner graph of stabilizer codes, commutativity constraints inevitably introduce short cycles
(in particular, 4-cycles).
In contrast, in the factor graph used in this work, cycles of length 2L arising from degenerate errors do exist, but
they do not directly lead to decoding failures.
Moreover, no explicit upper bound on the girth is currently known, and we experimentally achieve large girth
(e.g., 16).

Conclusion:
Density evolution fundamentally relies on local tree-likeness rather than on the girth itself.
When the factor graph is appropriately designed, DE remains a meaningful analytical tool for quantum LDPC
codes, even in the presence of quantum-specific constraints.
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