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Abstract

This paper studies a previously proposed Calderbank—Shor—Steane code construction
method based on affine permutation matrices from the viewpoint of minimum-distance up-
per bounds. One motivation is that the previously proposed family could plausibly have
a minimum distance that increases with blocklength, perhaps linearly, and we ask whether
explicit upper-bound evidence can already refute that possibility. For general regular con-
structions in this framework, we introduce several upper-bound methods. Evaluating them
within a common framework, we update the minimum-distance upper bounds reported in
the previous paper. We then search, from short to long blocklengths, for codes that make the
minimum of the proposed upper bounds as large as possible, and construct a best-code se-
quence across blocklengths. Over the reported range, the structural upper bounds still grow
roughly linearly with blocklength, but decoder-failure witnesses can remain much smaller and
in particular produce a weight-18 logical operator at a larger blocklength. Thus the present
evidence gives concrete contrary evidence against a naive linear-growth picture, while still
not settling the asymptotic behavior of this family.

1 Introduction

The history of low-density parity-check (LDPC) codes is also a history of balancing sparse
Tanner graphs, large girth, good minimum distance, and good decoding performance [1, 2]. In
the classical setting, this program developed through random regular ensembles, quasi-cyclic
constructions, protograph liftings, and algebraic constructions, all of which offered different
ways to preserve sparse local structure without sacrificing global distance too severely [3, 4]. In
quantum coding theory, this classical line becomes directly relevant through Calderbank—Shor—
Steane (CSS) codes, which connect quantum codes to pairs of classical linear codes satisfying
an orthogonality relation [5, 6].

For quantum LDPC codes, however, the classical design principles cannot simply be trans-
planted. One needs two sparse parity-check matrices that are not only individually useful but also
mutually compatible. This tension was already visible in early sparse-graph quantum code con-
structions [7, 8], remained central for hypergraph-product codes with positive rate and square-
root distance [9], and still drives the modern literature on asymptotically good quantum LDPC
codes and quantum Tanner codes [10, 11]. Much of that line of work is naturally organized
around lower bounds and asymptotic existence.

From the viewpoint of minimum-distance evaluation, what one would ideally like is a lower
bound for the full code distance, because a lower bound certifies guaranteed error-correction
capability rather than merely excluding larger values. In the present family, however, the known
lower-bound techniques do not transfer directly to the full distance, and the classical literature
on exact minimum-weight search is primarily effective at short and medium blocklengths. The
present paper therefore takes the complementary route of making upper bounds as sharp as
possible inside one explicit and reproducible construction family; more detailed comments on



the lower-bound literature and on the classical short-code literature are deferred to later sections.
As a coarse baseline, if the Tanner graphs of the active matrices themselves both have column
weight 3 and girth 8, then Tanner’s tree bound implies dx > 6 and dz > 6, hence d > 6 [2].

Affine-permutation-matrix constructions offer a different compromise [12, 13, 14, 15]. In-
stead of imposing commutativity on the full parent matrix, one enforces orthogonality only
on the active part that is actually used as the CSS stabilizer, while allowing controlled non-
commutativity in the latent part. This viewpoint makes it possible to search systematically
for high-girth binary CSS LDPC codes while keeping track of how the latent structure creates
logical obstructions. The closest antecedent is [15], which developed the same (3,12) family
primarily from the construction and decoding side. The present paper is a follow-up on that
same construction method, focused on how tightly one can upper-bound and update the mini-
mum distance within the family. Following that line, we refer to this family simply as quantum
affine-permutation-matrix-based low-density parity-check (APM-LDPC) codes.

The choice of lift sizes in the present search is not arbitrary. The companion manuscript
on affine commutation patterns [16] shows that the cross-commuting nonabelian affine pattern
needed on the construction side is obstructed for prime-power moduli and becomes available
naturally on Chinese-remainder-theorem-split moduli. For that reason, the computational search
here is organized around non-prime-power lift sizes.

This leads to a concrete question. The family proposed in [15] could plausibly have minimum
distance that grows with blocklength, perhaps even linearly. The present paper asks whether
one can already find contrary evidence, in the form of explicit low-weight logical operators, by
running several independent upper-bound methods in parallel. Our current answer is mixed:
the previously reported bounds can be improved, and a decoder-failure witness of weight 18
already appears at a larger lift size, but the overall asymptotic behavior of the family remains
unsettled.

The goal of this paper is therefore twofold: to develop several minimum-distance upper
bounds for the construction method of [15], and to search for codes whose smallest currently
known upper bound is as large as possible. First, for general regular constructions in this APM-
LDPC framework, we introduce several upper-bound methods. Second, we apply them to the
published code of [15] and update the previously reported minimum-distance bound. Third,
we search from short to long blocklengths for codes that enlarge the minimum of the proposed
bounds and thereby obtain one current best code for each reported lift size. A compact map
of the upper-bound methods is given in Section 4, while exact parameter sets, implementation
details, and verification or experiment logs are collected in the supplementary materials [17].

2 Parent, Active, and Latent Matrices

Let
H)(EIFQXX", Hz€FgZ><n
be binary parent matrices with the same number of columns. Choose subsets of rows and call

them the active rows. The complementary rows are called latent. After permuting rows if
necessary, we may write

where Hx, Hy are the active matrices and H X, H 7 are the latent matrices. This active—latent
viewpoint is inherited from the construction-side analysis of [15]; the present section keeps only
the minimum linear-algebraic structure needed for the upper-bound theory. The purpose of this
section is to define the distance quantities attached to an arbitrary active—latent decomposition
before any specialization to affine permutation matrices, block sizes, or regularity parameters
is imposed. The following definition makes that separation explicit at the level of the distance
quantities themselves.



Definition 2.1 (Overall, latent, and non-latent distances). From this point on, assume that
H XH} = 0 and define the CSS constituent codes by

Cx :=Ker(Hy), Cyz = Ker(Hyz).
The usual CSS distances are
dx = min{wt(x) : ¢ € Cz \ Cx}, dz = min{wt(z): z € Cx \ C%}.
To isolate the contribution coming directly from the latent row spaces, define
A .= min{wt(z) : € (Cz NRow(Hx)) \ Cx},

dJ™ .= min{wt(z) : z € (Cx NRow(Hyz))\ C5}.

To measure the complementary contribution outside the latent row spaces, define
dg?lat) = min{wt(z) : € Cz \ C%, = ¢ Row(Hx)},

A2 = min{wt(z) : z € Cx \ O%, z ¢ Row(Hy)}.

Then
dx = min{d{™ ™}, dy = min{d}*, a3y,

O

The point of this definition is to separate the part of the minimum-distance bottleneck that
is already explained by the latent row spaces from the part that is not. In that sense, the
latent distances measure the latent contribution, whereas the non-latent distances measure the
contribution outside the latent side. Later sections evaluate the former structurally and track
the latter through explicit upper-bound witnesses.

Example 2.2. Even before specifying a concrete construction, the definition already singles out
two different mechanisms for a small CSS distance. One code may have a small latent distance
because a low-weight logical representative lies directly in Row(Hx) or Row(Hz). Another code
may have a large latent distance but still a small overall distance because a lighter representative
exists outside the latent row spaces. The role of the later upper-bound methods is precisely to
detect which of these two mechanisms is responsible for the current bottleneck. [l

3 APM Specialization

We now specialize the general parent/active/latent framework to the APM family used through-
out the computational part. Let L be even and let Fy, ..., Fp o1 and Go,...,Gr/p—1 be P x P
permutation matrices. We define the parent matrices of the APM-LDPC family by

(Hx)ij = Fj_i, (ﬁX)i,L/zﬂ‘ = Gj—i,

(ﬁz)i,j = G;Eja (ﬁZ)i,L/2+j = Fi—ija

with all indices interpreted modulo L/2. For the active choice used in this paper, the first J
block rows are taken as active and the remaining block rows are latent, in the sense of Section 2.
For each r € Z/(L/2)Z, define

L/2-1
v, = Z (FuGr—u + Gr—uFu)

u=0



over Fy. The blocks of H Xﬁ—zr depend only on the row difference and are given by the corre-
sponding U,..
For the standard active choice, let

A= {(k—i)mod (L/2): 0 < ik < J— 1},

This sufficient criterion is already present in the (3,12) setting of [15]; here we simply rewrite it
in the general (J, L) form. The next theorem states that criterion directly in terms of the mixed
residuals V,..

Theorem 3.1. If ¥, = 0 for every 7 € A, then HxH} = 0. O

Proof. The (i, k) block of Hx H}, is ¥)_; with indices taken modulo L/2. Since 0 < i,k < J—1,
the difference k — ¢ always belongs to A. Hence ¥, = 0 for all » € A implies that every active
block vanishes. ]

The theorem says that CSS orthogonality can be checked by monitoring only a small differ-
ence set. This is what makes the later “single residual interaction” design possible.

Example 3.2. In the concrete family treated computationally in this paper we fix
J =3, L =12, L/2 =6.

Then
A ={0,1,2,4,5},

so the only unconstrained residue is » = 3. The search problem is therefore to realize
v, =0 (T#?’)v ‘P37é0)

which concentrates the latent interaction into one residue class and is intended to make the
latent distances introduced in Section 2 the first structural bottleneck. O

Each block is an affine permutation
z+—axr+b (mod P), ged(a, P) = 1.

This representation is convenient for two reasons. First, commutativity reduces to a linear
congruence. Second, if P = m(@), the affine rule descends naturally modulo @), which is exactly
what later supports block compression.

Definition 3.3 (Admissible CRT twists). Let wy = (F, G?)Z-L:/g_l be an affine seed assignment

over Z/PyZ satisfying the active commutativity constraints for A, and let ) be coprime to Py.
A CRT twist of wg by modulus @ is an affine assignment

L/2-1
n=(F.GNG
over Z/QZ, written as
F'':z— az+ 6, G?::Ur—)fij—i—(sj (mod @),
with oy, v; € (Z/QZ)* and B;,0; € Z/QZ. The CRT-twisted assignment is
wo BCrT N

over Z/(PyQ)Z, obtained by gluing the affine coefficients componentwise through the Chinese
remainder theorem.



Let
Fa={(u,r—u) |0<u<L/2, reA}

where the second index is read modulo L/2. The twist n is called active-commutativity-
admissible if

j(c; =1) = Bi(y; —1) =0 (mod Q)  ((i,j) € T'a).
The set of all such twists is denoted by
To(A).
O

This definition is exhaustive for APM-valued CRT twisting: once the seed wq already satisfies
the active commutativity constraints modulo Py, the CRT product satisfies the same active
commutativity constraints modulo Py@ if and only if the auxiliary component 7 lies in Tg(A).
Thus admissible CRT twisting is not a single construction but a finite solution set of bilinear
congruences over Z/QZ.

Remark 3.4 (Tractable subfamilies do not exhaust all twists). The translation twists used in
some experiments form the subfamily

Oéi:7j:17 FiniiL‘HfIJ‘i‘Bia G?$l—>$+(5]

They are automatically active-commutativity-admissible, because translations commute with
one another. Centralizer mutations give another tractable subfamily: one multiplies selected
blocks by affine maps that commute with their required partners. These two subfamilies are
useful for controlled searches, but they do not describe all of Tg(A) in general. In particular,
admissible twists with nontrivial multipliers c; or 7; may satisfy the bilinear congruences col-
lectively without arising from a one-block centralizer mutation of a previously chosen twist. [

From this point onward, all vectors are treated as column vectors. For A € F5*", we write
Ker(A) := {x € Fy : Az = 0}.

We also write Row(A) C F% for the subspace spanned by the rows of A, identified naturally
with a subspace of F5 via the standard inner product.

4 Overview of the Upper-Bound Methods

The three upper bounds that play the most visible role in this paper are the block-compression,
cycle-8 ETS, and decoder-failure bounds. In the actual reported best-by-P ladder, however,
the current best upper bound is obtained by running several methods in parallel, including the
latent, CRT-compression, and direct CSS-search bounds. The purpose of this section is to give
a compact map of these mechanisms before the paper turns to their detailed theory.

All six methods are based on the same principle: one light nontrivial logical operator is
enough to upper-bound the distance. On the X side, if one finds

x € Ker(Hz) \ Row(Hx),
then
dx < Wt(m).

Likewise, on the Z side, if
z € Ker(Hx) \ Row(Hyz),

then
dz < Wt(Z).

The difference between the methods lies only in how they try to manufacture such witnesses.



latent upper bound The latent upper bound asks whether the latent row spaces themselves
already contain a light logical representative. Restricting candidates to the form @ = ATHx or
z = AT H reduces the problem from the full ambient space of length LP to a kernel problem for
the mixed products. This method therefore measures the part of the bottleneck created directly
by the latent side.

block-compression upper bound The block-compression upper bound searches for periodic
witnesses through a shorter quotient code. When P = m(@), the subspace of m-block-constant
vectors is preserved by the affine action, so a light compressed witness can be lifted back to
length LP. If the lifted vector satisfies the CSS condition and stays outside the relevant row
spaces, it becomes a non-latent logical operator. The improvement of the published P = 768
code from d < 48 to d < 32 is the representative example of this method at work.

CRT-compression upper bound The CRT-compression upper bound is a looser structural
search than block-compression. For P = q1¢2 with ged(q1,q2) = 1, it restricts the search to the
stripe subspace generated by residue classes modulo ¢; and modulo g2. Intuitively, this method
looks for logical representatives that are not fully block-constant but still exhibit a coprime
stripe pattern.

direct CSS-search upper bound The direct CSS-search upper bound is the least structured
fallback method. It searches directly inside Ker(Hz) \ Row(Hx) and Ker(Hx) \ Row(Hz) for
low-weight vectors. Conceptually this is just the CSS distance definition itself, but in practice
it plays the role of a benchmark method that can catch witnesses missed by more structured
searches.

cycle-8 ETS upper bound The cycle-8 ETS upper bound turns local Tanner-graph structure
into logical witnesses. Because the family has girth 8, the shortest cycles are 8-cycles, and cycle-
8-connected ETSs become the natural local objects to enumerate. Their odd-check boundaries
equal their induced syndromes, so (a,0) ETSs and same-boundary differences of (a,2) ETSs
naturally yield classical candidates. When such candidates survive the row-space test, they
become CSS logical operators and hence upper bounds.

decoder-failure upper bound The decoder-failure upper bound converts actual fail logs
into distance certificates. If e is the true error and é is a decoder estimate with the same
syndrome, then the residual A = e + é is syndrome-zero. If this residual is a pure X-type or
pure Z-type vector outside the corresponding stabilizer row space, then it is already a nontrivial
logical operator, and its weight upper-bounds the distance. This is the method that can expose
witnesses not predicted by the structural theory.

In summary, the six methods search for the same object, namely a light nontrivial logical op-
erator, from six different viewpoints: latent structure, periodic block compression, CRT stripes,
direct nullspace search, local Tanner-graph structure, and decoder failures. Accordingly, the
current best upper bound in the reported best-by-P ladder is simply the minimum over all of
them. Appendix A plays a different role: it is a lower-bound certification tool showing that, in
favorable cases, the latent upper bound is in fact exact on the latent side.

5 Latent Upper Bounds

We now return to a general regular construction in the APM-LDPC framework. Let the active

row blocks be indexed by 0,...,J — 1 and the latent row blocks by J,...,L/2 — 1. We work

throughout under Definition 2.1. In particular, this section focuses on the latent distances dglfat)



and d(Zlat), which measure the part of the minimum-distance bottleneck already explained by the
latent row spaces themselves.

Lemma 5.1 (General active-latent mixed product). For every active index 0 < ¢ < J — 1 and
latent index 0 < /¢ < L/2—J —1,

[HzH3)io = V{10 iy moa n2y HxHZlie = ¥(sse—iymod (1/2)-
O

Proof. The (i,¢) block of H Zﬁ} is the parent mixed product between active row block ¢ and
latent row block J + ¢, which is exactly

T
\II(J+571') mod (L/2)*
The H XFI} formula is analogous. O

The lemma reduces the latent upper-bound problem from the full parent matrix to the
kernel of an explicit mixed product. The next proposition turns this observation directly into a
witness construction, in the same spirit as the latent-distance analysis developed for this APM
framework in earlier work [15].

Proposition 5.2 (Latent upper bounds from mixed-product kernels). The latent distances
admit the exact parameterizations

dglcat) = min {Wt()\Tﬁx) tAE (Fg)L/z_Ja HZgJT()‘ =0, ATﬁX ¢ C?L(} ’

d(Zlat) — min {Wt('UTf{Z) = (IF21:’)L/2—J7 HX}N[}’U =0, 'UTfNIZ ¢ Cé}v

with the convention that the minimum is +o0o when the corresponding set is empty.
In particular, every feasible coefficient vector A € (F¥ )L/ 2=J satisfying H ZH;';)\ = 0 and
ATHy ¢ C3 produces  := ATHx € (Cz NRow(Hx)) \ C+, hence dgl(at) < wt(x) and therefore

dx < wt(x). The Z-side statement is identical. ]

Proof. We prove the X-side identity. By Definition 2.1,
A = min{wt(z) : @ € (C; NRow(Hx))\ C+}.

Let
Lx = {xe (F) HyHia =0, ATHy ¢ Cx}.

If X e Ly and @ := ATHy, then = € Row(ﬁlX) and Hyx! = Hzﬁ)T(A =0,s0 x € Cy;
by definition of Lx, we also have x ¢ C')Jg. Hence every feasible coefficient vector produces an
element of (Cz NRow(Hy)) \ Cx.

Conversely, if € (Cz N Row(Hx)) \ C+, then & € Row(Hx), so there exists some X €
(Fg)Lﬂ_‘] with = ATHy. Because & € C, Hzﬁ;';)\ = Hza" = 0, and since x ¢ C)L(, this A
belongs to Lx.

Therefore the image set

{ATHx : X e Lx}
coincides exactly with
(Cz NRow(Hx)) \ Cx.

This proves the displayed formula for dglfat) . Finally, since dx = min{dgl(at), dg?lat)}, every latent

witness also yields the overall upper bound dx < wt(x). The Z-side argument is identical. [



The proposition says that one nonzero kernel vector in the mixed product already produces
a concrete latent logical witness. In practice, this is the first structural certificate returned by
the search code.

Example 5.3. In the special case central to this paper, namely (J, L) = (3,12) with ¥, = 0 for
r # 3, Lemma 5.1 simplifies to

HZE’_;E = dlag(‘ll—gr,\:[lér,\llg—), HX];’—ZI— = diag(\I/?”\IJg’\I/:;)’
so a single nonzero kernel vector of W3 or \I/g already generates a latent witness. (Il

The exact latent lower-bound theory based on block-constant compression, together with its
rank-test and satisfiability (SAT) / satisfiability-modulo-theories (SMT) certification machinery,
is moved to Appendix A so that the main text can keep the focus on the upper-bound story.
In what follows, we treat that exact-certification theory as background and proceed to the
non-latent structural upper bounds.

6 Non-Latent Structural Upper Bounds

6.1 Classical Prototype of the Block-Compression Upper Bound

The previous two sections established the latent upper bound and the matching exact latent lower
bound. Before turning to the non-latent block-compression upper bound, we now isolate the
purely classical mechanism underneath it: an APM acts on a block-constant subspace through an
exact quotient action. The point of doing so is to separate the classical compression/lift argument
from the additional CSS row-space conditions that will be imposed afterward. Accordingly, this
section should be read as the classical prototype that immediately precedes the quantum non-
latent upper bound of the next section.
Assume P = m(@ with m > 2. For t € Z¢, define the coset

[t = {t,t +Q,t +2Q, ..., t+ (m —1)Q} C Zp.

A length-P vector is called m-block constant if it is constant on every coset [t],.
Let U,,(P) C FL be the m-block-constant subspace. Define the compression and lift maps

T : Un(P) = FS, 1 : FS — Up(P)
by

[ (@)]e =20, (@)@ = 21
Applying these maps blockwise over N blocks yields
T - Un(NP) = FY9 1 N FY? S UL (NP),
with
Wt (tm, N (Z)) = mwt(x).

The point of this construction is that a length-P problem may be reinterpreted as a length-Q)
problem if the relevant matrices preserve block-constant structure. This is the APM analogue of
the quotient viewpoint familiar from classical quasi-cyclic (QC) LDPC code constructions [3, 4].

Example 6.1 (Worked example (P = 12, m = 3, @ = 4)). It is useful to see one explicit toy
example. In this case the cosets are

[0]3 = {07478}7 [1]3 = {17579}7 [2]3 = {2767 10}7 [3]3 = {37 7, 11}'



Take
& =(1,0,1,0) € F3.

Its lift is
i3(2) = (1,0,1,0, 1,0,1,0, 1,0,1,0) € F32,

which is indeed constant on every coset. The weight scales exactly as
wt(x) = 2, wt(ez(x)) =6=3-2.

Hence, if the compressed length-4 code contains a codeword of weight 2, then the original length-
12 code automatically contains a lifted witness of weight 6.
Now consider the affine permutation

z—x+1 (mod 12).
It permutes the cosets by
[0]3 = [1]s, [z = [2]3, [2l3 = [3]s, [3]s— [0]s.
Therefore, on the quotient side, it becomes exactly the length-4 permutation
t—t+1 (mod 4).

This is the concrete content of Lemma 6.2: the action of a long APM on the block-constant
subspace is identical to the action of a shorter quotient APM. O

Lemma 6.2 (Descent of APMs on block-constant subspaces). Let M be the P x P APM
corresponding to x — ax + b (mod P), and let M be the quotient APM obtained by reducing
the same affine rule modulo @ = P/m. Then M preserves Uy, (P). Moreover, for every u € Fy,

My () = 1y (M), T (M (1)) = M.
The same commutativity holds blockwise for any block matrix made of APM blocks. O

Proof. By definition of an APM,
Me: = eqitp-

For every t € Z¢g and s € {0,...,m — 1},
alt+sQ)+b=at+b (mod Q),

so the affine permutation maps the coset [t],, to [at + b],,. Hence the image of an m-block-
constant vector is again m-block constant, and the action on cosets is exactly the quotient affine
map modulo ). The displayed identities follow directly from the definitions of 7, and ¢,,. O

This lemma ensures that block compression is not a heuristic reduction. It is an exact
quotient /lift relation compatible with the Tanner structure.

With this preparation, distance upper bounds for classical APM-LDPC codes can be obtained
from compressed codewords. The next proposition is the classical prototype of Proposition 6.6
in Section 6.2, namely the CSS block-compression upper bound used later. Its proof follows the
standard QC-LDPC strategy of finding a low-weight codeword in the quotient and lifting it back
to the long code [3, 4].



Proposition 6.3 (m-block-constant upper bounds for classical APM-LDPC codes). Let H €
]F?P *NP e a classical parity-check matrix made of R x N blocks of size P x P, each block being
an APM. Let C'(H) := Ker(H). For any divisor m | P, let

I R N
a0 ¢ pEexNQ

be the compressed matrix obtained by reducing each block modulo @ = P/m. Then every
nonzero ¢ € Ker(H™) yields ¢ := t,, n(€) € C(H) with wt(c) = mwt(€). Therefore d(C(H)) <
m d(Ker(H™))). More generally, every explicit compressed witness ¢ # 0 gives d(C(H)) <
mwt(c). O

Proof. Let & € Ker(H™)) be nonzero and set ¢ = 1, x(€). Write

c= (9, ... NNy, c¢= (9, ... eN-Y)

in block form. Applying Lemma 6.2 blockwise gives

N-1 N—-1
Z Hr,nc(n) = lm <Z H%)C(n)>
n=0 n=0
for each block row r. Hence He is the lift of H(™&, so H™¢& = 0 implies He = 0. The weight

formula follows from the definition of the lift. O

Example 6.4 (A toy instance of Proposition 6.3). Consider a slightly less trivial APM-LDPC
example with R =1, N =2, P = 4. Let the first block be the identity permutation I, and let
the second block be the APM corresponding to the affine permutation

x—=x+1 (mod4),

namely

O O = O
O = OO
o O O
o O o

Thus
H=[I; M]eFy®

Take m = 2 and hence () = 2. The compressed matrix is

wom et e[

Now consider
¢=(1,0,0,1)7.
Since

APe=[1, M| | =@1,07+M(0,1)" = (1,07 +(1,0)" =0,

o O =

we have ¢ € Ker(H®), and its weight is 2. Lifting blockwise gives

c=122(€) = (1,0,1,0, 0,1,0,1)T € FS.

10



Proposition 6.3 then implies that ¢ € C(H) and
wt(c) =4 =2 wt(e).

Thus the compressed witness is already nontrivial: the quotient APM M in the second block
cancels the first block at weight 2, and this witness lifts to a block-constant codeword in the
long code. Hence this toy code satisfies

d(C(H)) <4
because the compressed quotient already contains a weight-2 witness. O

The importance of this proposition is that it reduces the search for low-weight classical
codewords in the long code to a search in the compressed quotient code. The CSS block-
compression bounds of this paper are obtained by imposing additional row-space conditions on
top of this classical mechanism.

6.2 The Block-Compression Upper Bound Outside the Latent Row Space

Latent witnesses do not exhaust all logical operators. One must also account for representatives
outside the latent row spaces Row(Hx) and Row(Hz). This is exactly the contribution measured
by dg?lat) and d(anat) in Definition 2.1. In this section we do not try to determine those quantities
exactly. Instead, we control them through explicit row-space-external upper-bound witnesses.
The quantities dg?lat) and dgﬂat) introduced in Section 2 are meant to measure exactly this
contribution outside the latent side. In this section we do not attempt to evaluate them exactly.
Instead, we derive explicit upper bounds on them from block-compressed row-space-external
witnesses.
Fix m | P and consider the same subspace

Un(LP) C FLF.

Since each APM descends modulo @) = P/m, the active matrices descend to compressed check

matrices
a2y, al e pje< e

Before using them, one must verify that the active syndrome condition is preserved by compres-
sion.

Lemma 6.5 (Compression equivalence for active checks). For every & € U,,(LP) and & =
ﬂ-m,L(m)v
Hya' =0 « HMz" =0

Similarly, for every z € U,,(LP) and 2z = 7, 1.(2),
Hyz" =0 «— Az =0.
Moreover,
wt(x) = mwt(z), wt(z) = mwt(2).
U

Proof. Apply Lemma 6.2 blockwise to the quotient blocks of the active matrices. The active
syndrome of a lifted block-constant vector is exactly the lifted syndrome computed by the
compressed matrix. The weight formula follows from the lift. ]

This lemma guarantees that a quotient witness is not merely approximate: if it satisfies
the compressed syndrome condition, then its lift satisfies the original active syndrome condition
exactly.

11



Proposition 6.6 (m-block row-space-external upper bounds). Let m | P and @ = P/m. Take
T € Ker(H(Zm)) and let @ = 1, 1.(2). If & ¢ Row(Hx) and x ¢ Row(Hx), then x is a valid X
logical representative outside the latent row space, and dx < wt(x) = m wt(&). Similarly, if z €
Ker(ﬁ&m)) lifts to 2z = 1,1, (2) with z ¢ Row(Hz) URow(Hz), then dz < wt(z) = mwt(2). O

Proof. By Lemma 6.5, the lift  satisfies Hzx" = 0, so ® € Cy. If additionally ¢ Row(Hx) =
Cx, then z is a valid X logical representative. The extra condition x ¢ Row(Hy) ensures that
it lies outside the latent row space. Hence dy < wt(x) = mwt(Z). The Z case is the same. [

Example 6.7. For the exact code printed in Table 1 of [15], this proposition directly yields
the improvement to d < 32. Indeed, the exact transcription and supporting witness archived
in the supplementary materials [17] record an explicit X-side witness with block factor m = 4.
On the compressed side there is a vector & € Ker(H (24)) of weight 8. Its 4-block-constant lift
x = 14,12(x) therefore satisfies

wt(x) =4 -8 = 32,

and the recorded row-space checks show that
x ¢ Row(Hy), x ¢ Row(Hy).

Hence Proposition 6.6 gives dx < 32, and therefore the overall upper bound for this published
code becomes d < 32. By contrast, the previous section shows that the latent side stays exactly
at 48, so this is a concrete example where the non-latent block-compression witness is the decisive
one. U

The proposition shows that compressed witnesses can remain useful even when the latent
row space no longer explains the dominant obstruction. In practice, one scans all divisors m | P
and records the lightest valid witness among them.

Remark 6.8. If one wants to exclude not only the latent row space itself but also all represen-
tatives equivalent to it modulo active stabilizers, the condition should be strengthened to

x ¢ Row(Hx) + Row(Hx),

and analogously on the Z side. In this paper we use the weaker condition because it matches
the row-space test implemented in the current search logs. O

7 Additional Upper-Bound Methods

At this point the paper has developed two structural upper-bound mechanisms, one tied directly
to the latent row spaces and one tied to block-compressed row-space-external witnesses. The
remaining implemented methods serve a different role: they look for lighter witnesses that are
not predicted a priori by either structural mechanism. The first two are still linear-algebraic in
nature, namely the CRT-compression upper bound and the direct CSS-search upper bound. The
last two come from local Tanner-subgraph patterns and from actual decoding failures. Together
these four auxiliary methods monitor whether the true bottleneck lies in a weaker algebraic
search space, in a local graph pattern, or in a witness exposed only through decoding traces.

7.1 The CRT-Compression Upper Bound

The block-compression upper bound restricts the search space to vectors that are constant
on residue classes modulo a divisor m | P. If P = q1qo with ged(qi, g2) = 1, there is another
natural coarse quotient: the Chinese remainder decomposition of Zp into two coprime directions.
The CRT-compression method implemented here does not attempt a full Fourier-mode search.
Instead, it restricts attention to the stripe subspace generated by residue classes modulo ¢; and
modulo gs.
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Definition 7.1 (CRT stripe subspace). Assume that P = q;¢2 and ged(q1, g2) = 1. Define the
single-block CRT stripe subspace by

81511,)@ = Span({l{xEZp:zEr (mod ¢1)} - 0<r< (h} U {1{966219::555 (mod g2)} * 0<s< q2}> - Fg

The full-length CRT stripe subspace is then the blockwise direct sum

q1,92 1,92 —

L—-1
Scrt — @S(gl) C }F%P
7=0

O

The point of this definition is that it enlarges the search space beyond block-constant modes
while remaining far smaller than the unrestricted ambient space. In that sense it is an interme-
diate algebraic method between block-compression and a fully structure-free search.

Proposition 7.2 (CRT-compression upper bound). Assume that P = ¢1¢2 and ged(qy, ¢2) = 1.
Define

uSt(q1, g2) := min {Wt(a:) tx € Slglrfqg NKer(Hyz) \ROW(HX)} ,

u%t(q1, g2) := min {wt(z) A= Sglrqu NKer(Hx) \ ROW(HZ)} ,

with the convention that the minimum is 400 when the corresponding set is empty. Then

dx < u$*(q1, ¢2) and dz < u%(q1, q2).

In particular, if & € Sg', N Ker(Hz) \ Row(Hx), then dx < wt(z). If in addition = ¢
Row(Hy), then also dg?lat) < wt(x). Likewise, if z € S N Ker(Hx) \ Row(Hz), then
dz < wt(z). If moreover z ¢ Row(Hy), then d(anat) < wt(2). O

Proof. We treat the X side. Set
Wx (a1, q2) :== S, NKer(Hz) \ Row(Hx).

Every vector « € Wx (q1,q2) is, by construction, a valid X-type non-stabilizer logical represen-
tative. Therefore the CSS definition implies dx < wt(x) for every * € Wx(q1,¢2). If the set is
nonempty, taking the minimum over it yields

dx < min wt(x) = u%t(QMQQ)
xeEWx (q1,q2)

If the set is empty, the convention u§* (g1, q2) = +oc makes the inequality trivial.

If in addition @ ¢ Row(Hx), then & € Oz \ Cx and x ¢ Row(Hx), so Definition 2.1 gives
dg?lat) < wt(x). The Z side is identical. O

Example 7.3 (A toy CRT witness). Take one block of length P =6 =2-3, so (q1,¢2) = (2, 3).
The residue-class stripes modulo 2 are

ap = (1,0,1,0,1,0)T, a; =(0,1,0,1,0,1)T,
and the stripes modulo 3 are
by = (1,0,0,1,0,0)T, b; = (0,1,0,0,1,0)T, by = (0,0,1,0,0,1)T.

Hence
x:=ag+by=(0,0,1,1,1,0)7

lies in Sélg) At the same time, x is neither 2-block constant nor 3-block constant, so the CRT
stripe space is strictly larger than the one-period block-compression spaces.
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To illustrate Proposition 7.2, consider the toy CSS pair
Hx=[101010], Hz=[1 1011 0],

for which HXH} = 0 over Fo. One checks directly that Hzax' = 0 while ¢ Row(Hx) =
{0,(1,0,1,0,1,0)}. Therefore = € 82(13) NKer(Hz) \ Row(Hy), and the proposition yields the
explicit upper bound dx < wt(x) = 3. O

In the implementation, the method scans all coprime factor pairs (g1, ¢2), forms the restricted
nullspace inside Sglr'fqz, and records the lightest vector that survives the row-space test. The
CRT-compression upper bound is the minimum over these coprime stripe quotients.

7.2 The Direct CSS-Search Upper Bound

The previous structural methods all search inside prescribed subspaces. The direct CSS-search
method removes that structural restriction and searches directly for low-weight logical represen-
tatives satisfying the CSS condition itself. Conceptually this is close to the classical literature
on low-weight codeword search and information-set decoding [18], although the present imple-
mentation is much lighter: it performs a randomized search inside the CSS nullspaces rather
than a full ISD attack.

Proposition 7.4 (Direct CSS-search upper bound). Let
WX - Ker(HZ) \ ROW(H)(), WZ - Ker(HX) \ ROW(Hz)

be any finite candidate sets returned by a direct search routine. If they are nonempty, define
dir : dir .
uy = min wt(x), Uy = min wt(z).
X = min wi(z) 7 = min wt(z)
Then dx < ug(ir and dz < u%ir.
In particular, if * € Ker(Hz) \ Row(Hx), then dx < wt(x). Likewise, if z € Ker(Hx) \

Row(Hyz), then dz < wt(z). Moreover, if some x € Wx also satisfies ¢ Row(Hx), then
(nlat)

dg?lat) < wt(x), and analogously z € Wy with z ¢ Row(Hz) implies dj " < wt(2). O
Proof. We treat the X side. Every vector in Wx belongs to Ker(Hz) \ Row(Hy), so every
such vector is already an X-type non-stabilizer logical representative. Therefore dy < wt(x) for
every € € Wx. If Wy is nonempty, taking the minimum over the sampled candidate set gives
dx < min wt(z) = udr.
X = reEWx W ( ) X

The one-vector statement is the special case Wx = {x}.

If moreover ¢ Row(Hx), then ¢ € Cz \ Cx and & ¢ Row(Hx), so Definition 2.1 yields

dg?lat) < wt(x). The Z side is identical. O

The proposition itself is immediate, but its role is important: it supplies a benchmark method
that makes no use of latent structure, block compression, or CRT stripes. On the classical side,
the literature of Leon [19], Stern [18], Canteaut—Chabaud [20], Brouwer—Zimmermann-type re-
finements and implementations [21], and Grassl’s computational search and code tables [22, 23]
shows that minimum-weight search can be highly effective at short and medium blocklengths.
The present method is closest in spirit to that line, but the target here is a logical represen-
tative outside the relevant stabilizer row space, so the implementation is kept as a lightweight
randomized search inside the CSS nullspaces rather than a direct import of the classical rou-
tines. The current implementation computes bases of Ker(Hz) and Ker(Hx), samples many
small random linear combinations, and keeps only the survivors that fall outside the active row
spaces. Hence the resulting direct CSS-search upper bound is heuristic rather than exhaustive,
but it can detect logical witnesses missed by all more structured algebraic scans.
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7.3 The Cycle-8 ETS Upper Bound

All codes considered in this paper have girth 8, so the shortest cycles in the active Tanner graph
have length 8. This makes cycle-8 structures the natural local generators of low-weight trapping
phenomena. In the classical LDPC literature, trapping sets and elementary trapping sets are
standard tools for describing such local obstructions [24, 25]. Here we adapt that viewpoint to
girth-8 APM-LDPC codes and use it as a distance-upper-bound method.

Definition 7.5 (Cycle-8-connected elementary trapping set). Let H € F3**" and let G(H) be
the corresponding Tanner graph. For a variable-node set S C V(H), define

['(S):={ceC(H): N(c)nS # 0}, ds(c) == |N(c)nS|.
Define the odd-check boundary by
0S :={ceT(S5):ds(c) =1 (mod 2)}.

If every ¢ € T'(S) satisfies
dS(C) € {17 2}

and the induced subgraph on SUT'(S) is connected, then S is an elementary trapping set (ETS)
of type (a,b), where
a:= 15|, b:=10S|.

If, in addition, S can be written as a union of simple 8-cycles such that each new cycle shares at
least one variable node or check node with the previous union, then S is called a cycle-8-connected
ETS. O

The point of this definition is that for girth 8, the smallest local cyclic building blocks are
exactly 8-cycles. Restricting to cycle-8-connected ETSs narrows the search space to a family of
local structures that actually appears in the codes studied here.

In the implementation we also monitor, as a separate branch, the three explicit ETS library
families used in [15]. They are the (6,2) ETS obtained by gluing two 8-cycles, the (12,2) ETS
obtained by chaining five 8-cycles, and the (8,2) path-4 family obtained by augmenting a (6,2)
core with a length-4 Tanner path. Beyond these named patterns, we explicitly enumerate the
chain family obtained by connecting d = 2,...,10 8-cycles in a line. Since the cases d = 2 and
d = 5 reproduce the (6,2) and (12,2) families, the additional branch tracks the non-duplicate
lengths d = 3,4,6,7,8,9,10. We also extend the path-4 construction beyond the (6,2) core in
the right panel by attaching a Tanner path of length 4 to the odd-check pair of these longer chain
cores. Figure 1 gives schematic pictures of these three families. Circles denote variable nodes,
light gray squares denote check nodes, and dark gray squares denote the odd-check boundary
0S. The figure is schematic rather than metric; its purpose is to display the local topological
pattern that the method searches for. In addition, the generic branch of the method enumerates
connected unions made of between two and ten 8-cycles. Thus the present ETS upper bound
is not tied to a single hand-crafted family: it combines bounded generic union search with the
explicit library patterns of Figure 1, their chain-extension, and their path-4 augmentation.

Lemma 7.6 (The odd-check boundary equals the induced syndrome). For any S C V(H), let
1g € F3 be its indicator vector. Then

T T
In particular, if S is an ETS of type (a, b), then the induced syndrome has weight exactly b. O

Proof. Each syndrome component is the parity of the number of neighbors of the corresponding
check node inside S, namely the parity of dg(c). This is 1 exactly when ¢ € 95S. |
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(6,2) ETS (two glued 8-cycles) (12,2) ETS (five connected 8-cycles)

(8,2) ETS (path4 attachment)

Figure 1: Schematic pictures of the ETS library families explicitly used in [15]. Left: a (6,2)
ETS built from two glued 8-cycles. Middle: a (12,2) ETS built from a chain of five 8-cycles.
Right: the (8,2) path-4 family obtained by augmenting a (6,2) core with a length-4 Tanner
path. In the present upper-bound method, these families, together with their chain-extension
for d = 2,...,10 and the corresponding path-4 augmentations, are counted in parallel with the
generic cycle-8-connected ETS search, and are then passed through the same boundary-pairing
and row-space tests to produce CSS witness candidates.

This lemma identifies the graph-theoretic boundary with a linear-algebraic syndrome. That
is why (a,0) ETSs and differences of (a,2) ETSs can become explicit codeword candidates. This
is also why the present method focuses on small boundary size b. For b = 0, the support is
already syndrome-zero, and for b = 2, two ETSs with the same boundary cancel by a single
symmetric difference. For larger b, one would need to solve a more complicated boundary-
cancellation problem among several E'TSs, which makes the search space much larger and is left
outside the present UB* method.

Proposition 7.7 (Classical upper bounds from cycle-8-connected ETSs with b = 0). If S is a
cycle-8-connected ETS of type (a,0), then 1g € Ker(H), hence the corresponding classical code
C(H) = Ker(H) satisfies d(C(H)) < a. O

Proof. By Lemma 7.6, 0S = ) implies H 1§ = 0. O

Proposition 7.8 (Classical upper bounds from pairs of (a,2) ETSs with the same boundary).
Let Si,S2 be cycle-8-connected ETSs of types (a1,2) and (ag, 2), respectively. If 951 = 953 and
S1ASy # 0, then 1g,+1g, = 15,5, € Ker(H), and therefore d(C(H)) < [S1ASs| < aj+as. O

Proof. Lemma 7.6 gives H 1; = lgsi for i = 1,2. Since 951 = 052, adding the two equations
over [y yields H(1g, +1g,)" = 0. The sum of indicator vectors equals the indicator vector of the
symmetric difference. The assumption S1ASs # () guarantees that this codeword is nonzero. [

This proposition shows that a local structure with a nonzero syndrome can still produce a
codeword once it is paired with another ETS sharing the same odd-check boundary.

Corollary 7.9 (CSS upper bounds from cycle-8-connected ETS witnesses). Let H = Hyz, and
let « € Ker(Hyz) be a nonzero support vector obtained from Proposition 7.7 or Proposition 7.8.
If ¢ Row(Hx), then « is a valid X logical representative and dx < wt(x). Similarly, if z €
Ker(Hx) \ Row(Hyz) is a nonzero support vector obtained on the Z side, then dz < wt(z). O

Proof. This is immediate from the CSS distance definitions together with Row(Hx) = Cx and
Row(Hz) = C5. O

The corollary explains why local Tanner-graph structure can be turned into quantum-
distance witnesses by a single row-space test against the opposite stabilizer.
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Enumeration algorithm Based on the above theory, the cycle-8 ETS enumerator used in our
computations first enumerates all simple 8-cycles in the Tanner graph, builds their adjacency
graph, grows connected unions up to a fixed budget, records (a,0) ETSs and (a, 2) ETSs grouped
by boundary, and finally applies Corollary 7.9 to extract classical and CSS upper-bound witnesses
from nonzero supports. The algorithm is not used to optimize the decoder; it is used to mine local
structural witnesses. Implementation details are included in the supplementary materials [17].
In the computations reported here, the generic branch is run with

2 <t <10,

so that the method covers local structures ranging from small glued pairs of 8-cycles to visibly
more composite cycle unions. The outputs of this generic branch are then merged with the three
explicit library families shown in Figure 1.

7.4 Decoder-Failure Experiments

Independent upper bounds can also be extracted from decoder failures of the decoder used in
our experiments. Concretely, for an estimated error € whose syndrome agrees with the observed
syndrome, we form the residual

A=e+e.

If this residual is a pure-X or pure-Z vector that lies outside the opposite stabilizer row space,
then its weight gives an upper bound on the corresponding logical distance. Such a witness need
not reduce to a latent witness, a block-compression witness, or a cycle-8 ETS witness, so it serves
as an independent method that complements the structural screening. The same syndrome-
residual viewpoint already appears in the decoder-side analysis of [15]; here we reinterpret it
explicitly as a minimum-distance upper-bound method.

Proposition 7.10. Let e be the true error and € an estimated error with the same observed
syndrome, and set the residual to A = e + é. If A is pure X-type and A ¢ Row(Hx), then
dx < wt(A). Likewise, if A is pure Z-type and A ¢ Row(Hyz), then dz < wt(A). O

Proof. Since e and é produce the same syndrome, the residual A is syndrome-zero. Hence, if it
is pure X-type then A € Ker(Hy), and if it is pure Z-type then A € Ker(Hy). By assumption
it lies outside the corresponding stabilizer row space, so it is a nontrivial logical representative
and its weight upper-bounds the corresponding logical distance. O

Decoder-failure experiments were performed at the fixed channel parameter p = 0.03 against
the non-daggered current-best row for each block length. The daggered high-P follow-up can-
didates have only the preliminary screening reported in Table 2. The trial counts quoted
below are extracted from completed experimental logs archived in the supplementary mate-
rials [17]. For every non-daggered row tracked in the present manuscript, the decoder-failure
experiments already amount to at least ten million decoding attempts. On the short-length
side this count combines archived scans and later additional runs, while for P > 264 the com-
pleted counts alone already reach 1.28 x 108, 4.48 x 10%, and 8.40 x 107 trials for representative
rows. Including the April 15, 2026 top-per-P screening update, the large-P p = 0.03 campaign
ledger contains 82.046 x 10°, 84.448 x 106, and 71.698 x 10° completed or accounted trials for
P = 1536, 1920, 2688, respectively, while the P = 3072 and P = 3840 reported rows remain at
64.000 x 10% completed trials each. The two new P = 1920 fail logs are syndrome-mismatch logs
whose coset-completion checks produced no logical representative, so the UB® entries in Table 2
are unchanged.

In the present paper, the decoder-failure experiments are treated as a simulation-based
method that complements the structural upper-bound methods. Detailed fail logs and indi-
vidual witnesses are deferred to the supplementary materials [17]; the main text reports only
the resulting bounds reflected in Table 2.
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Table 1: Correspondence between UB? and the upper-bound methods

symbol method proposition/corollary
uUB! latent upper bound Proposition 5.2
UB? block-compression upper bound Proposition 6.6
uB? CRT-compression upper bound  Proposition 7.2
uB* cycle-8 ETS upper bound Corollary 7.9
UuB® direct CSS-search upper bound  Proposition 7.4
uB® decoder-failure upper bound Proposition 7.10

8 Best-by-P Results

In this section, we first re-evaluate the published code of [15] using the new upper-bound the-
ory developed in this paper, and then present the best-by-P ladder obtained by searching for
constructions that make these upper bounds as large as possible. Each row listed below is
not an intermediate search record, but the current best row adopted after applying the imple-
mented upper-bound methods to the candidates obtained within a fixed search budget. For
the exact P = 768 code listed in Table 1 of [15], the latent upper bound remains 48, but the
block-compression upper bound is 32. Therefore the overall structural upper bound is d < 32,
which is sharper than the earlier organization d < 48. This re-evaluation shows that the new
upper bounds are not only useful for new searches but also materially sharpen the analysis of
an already published code.

We then run the search so as to maximize the minimum of the latent, block-compression,
cycle-8 ETS, and decoder-failure upper bounds, and retain one current best code for each lift
size P. The resulting collection of current best rows, one for each reported lift size, is discussed
below. Each row has been checked independently for CSS orthogonality and girth 8. The point
is not that one obstruction is made large in isolation, but that the reported rows remain strong
after every currently available method has been run against them.

Table 2 is not merely a list of examples. It is a table of current best codes obtained by running
the full search-and-certification loop for each reported lift size. The rows should therefore be
read as a benchmark summary of where the current construction stands within one fixed search
framework. Moreover, each row is optimized against the minimum of multiple independent
methods rather than against a single proxy. The only exception is the row 768, which is not a
current best row but a reference row obtained by re-evaluating the exact code printed in Table 1
of [15]. The daggered high-P rows are not reference rows; they are newly found follow-up
candidates retained in the table while their decoder-failure screening is still incomplete.

For convenience, Table 1 summarizes the correspondence between UB'-UB® and the upper-
bound methods used in the main table.

The reported lift sizes should therefore be read as a non-prime-power search family rather
than as an arbitrary list of moduli. As explained in the companion commutation-pattern
note [16], prime-power moduli are excluded by the affine commutation obstruction, whereas
CRT-split moduli provide the natural existence side. The rows of Table 2 record the current
best codes found in that non-prime-power regime, together with daggered high- P follow-up can-
didates. The labels 307211-30724 correspond to seeds 3072324102, 3072444078, 3072476086,
and 3072508120, respectively. The labels 38401 and 3840%2 correspond to seeds 3840356020
and 3840428002. For these daggered rows, the UB® entries remain unset because the current
p = 0.03 screening has found no decoder-failure witness after several million trials per row.

Table 2 and Fig. 2 show two different tendencies. The structural bounds traced by UB'-UB®
largely rise with blocklength, but the overall upper bound can still drop sharply when a decoder-
failure witness is found. The reference row illustrates this effect, whereas the updated high-P
endpoint of the blue polyline uses the daggered P = 3840 follow-up candidate with overall upper
bound 256.
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Table 2: Current best upper bounds for the reported lift sizes. Shaded cells attain the reported
value d < ub. The row 768* is the only reference row; it is obtained by re-evaluating the exact
printed code of Table 1 in [15] and is not counted among the reported winners. Daggered rows
are high-P follow-up candidates; they are not used in Fig. 2. In the UB* column, NF means
that the budgeted cycle-8 ETS rerun finished on both sides with no CSS witness found, whereas
NE means that the row was not evaluated under that protocol or that the rerun remained
incomplete. No UB* entry should be read as an exhaustive proof of nonexistence.
P n k d uB! UB? UB?® UB* UB® UBS

216 2592 1300 <14 24 36 54 NE 54 14
240 2880 1444 <24 24 40 40 NE 40 24
264 3168 1588 <22 24 44 44 NE 44 22
288 3456 1732 <24 24 24 64 NF 32 28
384 4608 2308 <24 24 48 204 NE 128 28
576 6912 3460 <48 48 64 72 NF 72 -
768 9216 4612 <48 48 108 222 NF 74 -
768* 9216 4612 < 32 48 32 96 NE 128 -
1536 18432 9220 <48 48 256 978 NF 512 -
1920 23040 11524 <64 120 64 96 NF 96 -
2688 32256 16132 <128 336 128 224 NE 224 -
3072 36864 18436 < 96 96 192 2048 NF 640 -

30721 36864 18436 <192 192 192 - NE - -
307212 36864 18436 <192 192 192 - NE - -
307213 36864 18436 <192 192 192 - NE - -
307274 36864 18436 <192 192 192 - NE - -
3840 46080 23044 <128 480 128 240 NF 240 -
384011 46080 23044 < 256 480 256 - NE - -
384012 46080 23044 <192 192 256 - NE - -

Several regimes can be distinguished. At P = 216, UB! reaches 24, but the overall upper
bound is reduced to 14 by a UB® witness. At P = 240, the reported winner has UB'= 24 and
a matching screened UB® value 24. At P = 264, the clean rerun produces the structural upper
bound 24, but UB® reduces it to 22. At P = 288, the reported winner is still bounded by UB!
and UB? at 24; the screened row 288* with UB®= 34 is retained only as a comparison row.
For the rows with P = 384,576, 768, 1536, and for the current daggered P = 3072 rows, UB!
determines or ties the overall upper bound. For the rows with P = 1920, 2688, and for the
current daggered P = 3840 winner, the overall upper bound is determined by UBZ2. This is why
one must keep monitoring UB!, UB?, UB?, UB%, UB®, and UB® simultaneously.

For UB*, Table 2 now distinguishes two nonnumeric outcomes. NF means that the budgeted
cycle-8 ETS rerun completed on both sides and still produced no CSS witness, whereas NE
means that the row was not evaluated under that rerun protocol or that one side remained
incomplete. In particular, no NF entry should be interpreted as an exhaustive proof that no
cycle-8 ETS witness exists.

In particular, the current P = 3840 best row

[46080, 23044, < 256]

has UB'= 480, but the overall upper bound is determined by UB? at 256.

Exact latent certification for the reported codes For the ten codes
P = 240,288, 384,576, 768, 1536, 1920, 2688, 3072, 3840

among the reported rows, we reran the latent certification and confirmed that UB! coincides
with the exact latent lower bound. For each code we construct ¥3 and choose the candidate

19



280 T
—e— current best
240 - A reference row N

200 |-

160

120

80

40 |

minimum-distance upper bound

0 | | | |
0 10000 20000 30000 40000

code length n

Figure 2: Current best upper bounds as a function of the code length n. The blue polyline
traces the best available row found in the present search for each P, including the daggered
high-P candidates when they improve the record, while the red triangle marks the non-winner
reference row listed in Table 2.

block factor
m = P/ dim Ker(U3).

For these ten codes this gives
m=2,2,2,4,4,4,10,28, 8, 40,

and therefore
Q = P/m = 120,144,192, 144,192, 384, 192, 96, 384, 96.

We then verify the two rank equalities of Corollary A.4, which shows that the whole kernels of

Vs and \I/g are blockwise m-block constant for every one of these rows.

gl(at),ub and d(Zlat),ub. F

Next, write the latent witness weights given by Proposition 5.2 as d or

the ten codes above one has
d(lat),ub d(lat),ub
X =2 =12
m m

so Theorem A.2 reduces the problem to proving that the compressed latent image contains no
nonzero word of weight at most 11 on either side. This UNSAT check is automated by a dedicated
script and succeeds on both the X and Z sides for all ten non-daggered rows. Implementation
details and certification logs are archived in the supplementary materials [17]. Hence, for each

of these ten codes,

d(lat) _ d(lat),ub

lat lat),ub
X X J d(za):d(za) :

The certified latent values
24, 24, 24, 48, 48, 48, 120, 336, 96, 480

correspond to the ten non-daggered rows in the order listed above.

Thus the reported best-by-P ladder is not merely an upper-bound ladder. At least for these
ten codes, it also contains a machine-checkable certified latent ladder. The overall upper bound
can nevertheless be governed by UB? or UB®. In particular, the non-daggered P = 3840 reported
row

[46080, 23044, < 128]
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has
AP = af™ = 480

)

whereas UB? is 128. Likewise, for the reported P = 2688 winner, the certified latent value is
336, whereas UB? gives the smaller overall upper bound 128.

The exact latent certification is fully automated. The script chooses the candidate block
factor, compresses the latent image, runs low-weight exclusion through satisfiability (SAT) and
satisfiability modulo theories (SMT) backends, and checks the rank identities of Corollary A.4.
Measured runtimes for the ten certified rows are also fixed in the supplementary materials [17].

The complexity profile is also fairly transparent. On the linear-algebra side one computes

the Fy row ranks of U3 and
A vl
B,.|’ B,.|’

which costs O(P3) field operations under naive Gaussian elimination, or roughly O(P3/w) bit
operations in a bit-packed implementation. On the exact latent exclusion side, the number of
source bits is 3() and the number of output bits is 12Q) on each side, and every output bit is
represented as the XOR of three source bits. Hence the constraint size itself is linear in @),
although the SAT/SMT search for excluding weight at most 11 is exponential in the worst case.
Because the threshold is fixed at 11 for all reported rows, the practical difficulty is governed
mainly by the quotient length (. In the actual runs, the cases with Q = 96,120, 144,192 are
relatively light, whereas the cases with () = 384 are the heaviest.

9 Discussion and Outlook

From the standpoint of distance evaluation, this paper is a compromise. What one would ul-
timately like is a rigorous lower bound for the full CSS distance. Appendix A provides such
certification only for the latent part. For the overall distance, the best-known lower-bound
techniques in the quantum-LDPC literature are tailored to product-type or expansion-type fam-
ilies [9, 10, 11], whereas the present APM-LDPC family is governed by an active/latent decom-
position and affine-permutation structure. This mismatch is why the present work settles for
the sharpest upper bounds we can currently certify, rather than a full lower-bound theorem.

The same caution applies to the classical minimum-weight algorithms that are often practical
for short linear codes [19, 18, 20, 21]. Those algorithms target the minimum weight of one clas-
sical code, whereas the present problem asks for a representative outside the relevant stabilizer
row space and, in addition, benefits from separating latent and non-latent mechanisms. This is
precisely why the present paper organizes several specialized upper-bound methods instead of
importing one classical minimum-distance routine wholesale.

The most useful way to read the present results is therefore as follows. The construction
method of [15] could plausibly have minimum distance that grows with blocklength, perhaps
linearly, and the natural way to challenge that possibility is to search for explicit low-weight
logical operators. This paper does so through several independent upper-bound methods. The
outcome is genuinely mixed. On one hand, UB!-UB® continue to display a broadly linear
structural scale over the reported range. On the other hand, UB® can behave very differently:
it already dominates the overall bound at several small lift sizes and has produced very low
working-log candidates at P = 2688, even though the current-best P = 2688 row is still governed
by UBZ.

The asymptotic question nevertheless remains open. Decoder-failure witnesses are poten-
tially the most direct way to produce unexpectedly small logical operators, but once the relevant
residual weights move into the range of a few dozen qubits, the required computational effort
rises sharply, and many larger-size searches still return no witness in practical time. The present
data therefore provide concrete contrary evidence against a naive linear-growth picture, while
still not determining the eventual asymptotic behavior of the family.
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A Exact Latent Lower Bounds via Block-Constant Compression

UB! becomes exact only when one can prove a matching lower bound. The mechanism used
here is block-constant compression.

Example A.1.
Tt s Un(LP) = FE9 0 1 i F29 = U (LP).

For the principal family (J, L) = (3,12) treated in this paper, these maps specialize to com-
pression and lift between U,,(12P) and F;w. The theorem below states that, if the relevant
mixed-product kernels are block constant, then every latent candidate descends to the com-
pressed image. This is the step that turns the latent exactness problem into a finite exclusion
problem in a shorter quotient space. [l

Theorem A.2 (Exact latent lower bounds under block-constant kernel hypotheses). Let s :=
L/2 — J and assume P = m(). Suppose

Ker(HzHY) C Up(sP),  Ker(HxH}) C Un(sP).

In other words, every latent coefficient vector lying in the kernel of either active—latent mixed
product is blockwise m-block constant. Define the compressed latent images

EX = 7Tm7L(CzﬂROW(IjI)()), ZZ = 7Tm7L(CxﬂROW(I:Iz)).

If every nonzero vector in £x has weight at least Tx, and every nonzero vector in £z has weight
at least 7z, then

dglgat) > mrTyx, d(Zlat) > mTy.

Proof. Tt suffices to prove the X case. Let & € Cz NRow(Hx). Then
x=HIA, AeFsP.

Since x € Cyp, .
0= Hzx = HzHJ\,

SO
X € Ker(HzHY) C Upn(sP).

Lemma 6.2 therefore implies that « is block constant blockwise, so « € U,,(LP) and

T = 7Tm7L(£C) €Ly
is well defined. Moreover,
T = Lm7L(ZI_3).
If & # 0, then & # 0 and
wt(x) = mwt(Z) > mrx.

Every latent X-logical representative is a nonzero vector in Cz N Row(ﬁ X), SO dgl(at) > mTx.

The Z case is identical with Ker(HxH}) C Uy, (sP). O

This theorem is the lower-bound half of exact latent certification. Its point is that a low-
weight exclusion proof in the quotient space becomes a rigorous lower bound in the original code
once the kernel structure is known to be block constant.

To make the kernel hypothesis checkable, one replaces it by a rank computation.
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Lemma A.3 (Rank test for block-constant kernels). Let eq,...,ep_1 be the standard basis of

]P”QD . Define

B,, € Fgmfl)QXP

to be the matrix whose rows are
e+ e g 0<t<@Q-1,1<j<m-1).

Then
Un(P) = Ker(B),).

Moreover, for every binary matrix A € F3*F,

Ker(A) C Un(P) <= Row(By) C Row(A) <= rank [ g}n } _ rank(A).

O

Proof. The defining equations of U, (P) are the equalities x; = x4 ¢, equivalently

(er + ersjo)z’ =0.
Hence U,,(P) = Ker(B,,). Over Fy one has
(Ker(A))* = Row(A),
SO
Ker(A) C Ker(B,,) <= Row(B,,) C Row(A).
The row-space inclusion is equivalent to the displayed rank equality. O

The lemma turns a combinatorial-looking kernel condition into a linear-algebraic condition
that can be logged and audited directly. This conversion from kernel structure to rank checks
is precisely what makes machine-checkable latent certification possible.

Corollary A.4 (Machine-readable form of the latent kernel hypothesis). Let s := L/2 — J and
define

B};) =I,®B,, € F;(m—l)QXsP.

Then the kernel hypothesis of Theorem A.2 is equivalent to the two GF(2) rank equalities

HzHY, . HxH}
rank Z(S)X = rank(HzHY), rank X(S)Z
B Bm

m

] = rank(Hx H}).

Therefore exact latent certification at block factor m can be audited by combining these two
rank checks with an explicit latent witness and an UNSAT certificate for low-weight vectors in
the compressed latent image. O

Example A.5. In the specialized (J,L) = (3,12) family with ¥,, = 0 for r # 3, the mixed
products reduce to

HzHY = diag(¥3, 01 1), HyH) = diag(¥3, U3, ¥3).

Thus Theorem A.2 and Corollary A.4 reduce to checking block-constant structure for the kernels
of W3 and \Ilg This is the concrete form used in the computational exact-latent certificates of
this paper. O
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Example A.6. The exact P = 768 code printed in Table 1 of [15] also satisfies this block-
constant kernel hypothesis. Running the current latent certification tool on the exact transcrip-
tion archived in the supplementary materials [17] gives

rank(¥3) = 576, dim Ker(¥3) = 192,

so the relevant block factor is m = 4 with Q = 192, and the kernels of both ¥3 and \Ifér are
4-block constant. The SAT/SMT exclusion on the compressed latent image also succeeds, so for
this published code one obtains the exact latent values

AP = P — 48,

Hence the improvement from d < 48 to d < 32 for the code of [15] does not come from sharpening
UB!: it comes from the separate 4-block-constant non-latent witness giving UBZ. U

This completes the latent exactness story. Once block-constant kernel structure is verified,
the latent lower-bound problem is reduced to proving nonexistence of compressed latent vectors
below a target weight threshold, typically by satisfiability (SAT) or satisfiability modulo theories
(SMT).

B APM parameter tuples for the reported rows
Each reported code is specified by six affine permutations

fi(x) = aix + by, gi(z) =cx+di  (i=0,...,5).

Table 3 records the six affine maps f;(x) and the six affine maps g;(x) for all rows reported in
the main text, including the daggered candidate rows, in explicit linear form. The row 768* is
the exact transcription of the printed code of [15].

Table 3: APM coefficients for the reported rows, daggered candidate rows, and
the P = 768 paper-code reference row. Each code is displayed in two rows:
the first row lists f;(x), and the second row lists g;(x).

P 7 0 1 2 3 4 5
216 fi 181z + 105 91z + 57 37x + 192 181z + 186 9lx + 57 37x + 156
gi 193z + 112 97x + 116 193z + 64 181z + 54 97x + 44 193z + 100
240 fi lz 4 54 3lz 4 141 lz+0 3lz + 153 151z + 201 1z + 96
gi 161z 4+ 112 121z 4148 121z + 180 221z + 162 121x + 164 41z 4 44
264 fi 67z 4126 1z + 177 1z + 126 133z + 198 1z + 261 1z + 144
gi 89z + 136 1z + 248 89x + 48 89x + 86 lz 4 32 1z 4+ 124
288 fi  73x+98 241x + 244 241z 4 36 lx + 192 lx + 64 97x + 72
gi 109z 475 217z + 186 1z + 120 217z +0 217x + 126 37z + 141
384 fi 181lx + 282 145z + 8 233z + 180 169x + 84 337z + 296 89z + 108
gi 127z 463 157x + 366  277x + 138 163z + 129 13z + 294 229z + 114
576 fi 1z + 90 289z 4408 325z + 441 1z + 168 397z 4+ 195 433z + 540
i 1z + 48 289z + 392 97x + 72 409z + 134 97x + 328 385z + 272
763 fi 557x+626 161z 4624 385x+ 704 T37x +592 721z 4 760 49x + 264
gi 57lx + 639 55x + 631 229 4294 307z 4579 637 4234 121z 4 660
768* fi 763z + 435 679x + 69 397z + 330 61z + 18 697x + 612 373z + 246
gi 2894496  257x 4640 625z 4 200 41z + 524 193z + 672 449x + 672
1536 fi 10692 + 1446 401z + 1160 1361z + 1128 4332z 424 641z + 1088 209z + 40
g; 1039z + 111 1501z 4 318 319z 4 711  97x 4 1488 97z + 816 985z + 12
1920 fi 1261z 4 141 1357x 4 1101 1417x 4 1806 1753z + 1482 1789x 4 1473 1717z 4 771
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0

1

2

3

4

5

9i

161z + 440

481x + 840

161z + 1080

1817x + 826

721z + 460

961z + 80

2688

1681z + 759
1793z + 1944

1345z + 1050
1z + 2040

1lx + 2268
1793z + 2408

1z + 2541
1921z + 610

1345z + 2625
1z + 2640

1z + 336
1z + 2456

3072

i 2341x + 3034

2239x + 2907

3041x + 2992
319z + 411

929z + 272
1069z + 2670

2881z + 2080
697z + 108

11212 + 1776
1249x + 816

2273z + 560
2353z + 2808

307211

181z + 926
2167x + 1449

833z 4 1504
1861z + 1206

641z 4 3008
2779z + 1167

lz 4 512
1699z + 1035

1025z + 1536
2041x + 2388

2305z + 384
84Tz + 717

307212

209z + 1096
205z 4 2862

1153z + 1088
1417x 4 1524

2305z + 2176
337z + 2376

1025z + 1024
1675z + 957

385z + 2240
193z + 2592

257z + 1664
2053z + 1626

307213

i 2689x + 1752

1249x + 738

2561z + 3008
1729z + 1260

1z + 2048
865z + 2514

15372 + 2880
2137z + 1245

2561x + 1856
1537z + 1512

1z + 2048
1729z + 1116

307274

i 1481z + 1842

1357z + 2547

769z + 1216
2065z + 1284

2689x + 2720
1381z + 1977

2177z + 2592
2773x + 2829

385 + 1888
301z + 1131

1025z + 512
2161z + 156

3840

2431z + 393
1601z + 96

3001z + 2100
481x + 144

3001z + 1620
2081z + 112

1981z + 1290
313z + 3508

841x + 780
1921z + 3264

661z + 3150
1lx + 1280

384071

3113z + 354
2461x + 1515

2881x + 272
661z + 465

1601z + 3408
961z + 2160

3521x + 2480
3241z + 1686

1z + 2816
241z + 1260

2881x + 2256
3481z + 270

384012

3649z + 549
1921z + 1870

1537z + 1872
3521x + 1175

3073z + 2400
1921z + 2450

769z + 2976
1361z + 1135

lz + 1872
1601z + 2285

3073z + 3456
641z + 1650
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