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Waterfall vs. Error Floor
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Why the Waterfall Has a Q-Shape
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BP trajectory follows density evolution.

Finite-length fluctuation is asymptotically
Gaussian.

Failure occurs when it crosses the threshold
boundary.

α: ensemble/channel-dependent scaling
parameter.
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Density-Evolution Trajectory
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The BP threshold is where a positive fixed point first appears.

DE recursion
xt+1 = fp(xt)

x0 = p

Threshold

pBP = sup{p :

no nonzero fixed point}

At threshold, a nonzero fixed point
appears by tangency.

4 / 18



Classical LDPC Benchmark: BP Threshold
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Classical LDPC Benchmark: Minimum Distance
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Design Freedom vs. CSS Commutativity

Classical LDPC
Any sparse H

Free choice of one sparse graph

degree distribution

randomness

large girth

minimum distance

Quantum LDPC code
HXH ′

Z = 0

X and Z sides are coupled by commutativity

two sparse graphs

orthogonality constraint

coupled design variables

room for degeneracy

Enable classical-LDPC-style design freedom under
CSS commutativity.
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Minimum Distance

Classical code
d = minKerH \ {0}

Minimum nonzero vector in the kernel

Quantum CSS code
dZ := minKerHX \ RowHZ ,

dX := minKerHZ \ RowHX ,

d = min(dX , dZ)

Smallest nontrivial logical operator
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Problem: Latent Rows Become Logicals

Parent construction

ĤX =

[
HX

H̃X

]
, ĤZ =

[
HZ

H̃Z

]
, ĤX(ĤZ)

′ = 0

Latent rows = parent rows not used as active stabilizer checks.

Full orthogonality forces HX(H̃Z)
′ = 0, HZ(H̃X)

′ = 0.

Then H̃X , H̃Z can become logicals.

dmin ≤ row weight.
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Design Principle

Active orthogonality only: HXH
′
Z = 0.

Latent blocks non-orthogonal: HX(H̃Z)
′ ̸= 0, HZ(H̃X)

′ ̸= 0.

Latent distances: d
(lat)
X , d

(lat)
Z .

Latent-based distances

d
(lat)
X := min{(KerHZ ∩ Row H̃X) \ RowHX},

d
(lat)
Z := min{(KerHX ∩ Row H̃Z) \ RowHZ}.

dmin ≤ min{d(lat)X , d
(lat)
Z }
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Code Construction

Example J = 3, L = 12.

ĤX =


F0 F1 F2 F3 F4 F5 G0 G1 G2 G3 G4 G5

F5 F0 F1 F2 F3 F4 G5 G0 G1 G2 G3 G4

F4 F5 F0 F1 F2 F3 G4 G5 G0 G1 G2 G3

F3 F4 F5 F0 F1 F2 G3 G4 G5 G0 G1 G2

F2 F3 F4 F5 F0 F1 G2 G3 G4 G5 G0 G1

F1 F2 F3 F4 F5 F0 G1 G2 G3 G4 G5 G0

 , ĤX(ĤZ)
′ =


Ψ0Ψ1Ψ2 Ψ3Ψ4Ψ5
Ψ5Ψ0Ψ1 Ψ2Ψ3Ψ4
Ψ4Ψ5Ψ0 Ψ1Ψ2Ψ3

Ψ3Ψ4Ψ5 Ψ0Ψ1Ψ2
Ψ2Ψ3Ψ4 Ψ5Ψ0Ψ1
Ψ1Ψ2Ψ3 Ψ4Ψ5Ψ0

 ,
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
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 , Ψr :=

L/2−1∑
u=0

(
FuGr−u +Gr−uFu

)
, r ∈ [L/2].
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Code Construction (Cont.)

Example J = 3, L = 12.

ĤX(ĤZ)
′ =


Ψ0 Ψ1 Ψ2 Ψ3 Ψ4 Ψ5

Ψ5 Ψ0 Ψ1 Ψ2 Ψ3 Ψ4

Ψ4 Ψ5 Ψ0 Ψ1 Ψ2 Ψ3

Ψ3 Ψ4 Ψ5 Ψ0 Ψ1 Ψ2

Ψ2 Ψ3 Ψ4 Ψ5 Ψ0 Ψ1

Ψ1 Ψ2 Ψ3 Ψ4 Ψ5 Ψ0


Γ G0 G1 G2 G3 G4 G5
F0 C C C C C

F1 C C C C C

F2 C C C C C

F3 C C C C C

F4 C C C C C

F5 C C C C C

∆ := {(k − i) mod (L/2) : 0 ≤ i, k ≤ J − 1}, ∆ = {0, 1, 2, 4, 5}.
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CPM, APM, and GPM
CPM

P = 8, f(x) = x+ 3

strong algebra, limited randomness

APM

P = 8, f(x) = 5x+ 3

more randomness, still modular

arithmetic

GPM

π = (5, 2, 7, 1, 6, 3, 4, 0)

maximum randomness, hard

algebraic control

more randomness
CPM APM GPM

easier algebraic control
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Affine Permutation Matrices

Required constraints on Fi, Gj:

Commute on Γ

Avoid short cycles

Full search is combinatorial.

Search strategy:

Restrict to affine permutations on ZP :

fi(x) = aix+ bi, gj(x) = cjx+ dj.

Checks are P -independent.

Sequential construction is fast1.
1github.com/kasaikenta/construct_apm_css_code
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Constructed Code Example

Girth-8 (3, 12)-regular [[9216, 4612,≤ 48]] with P = 768.

Explicit weight-48 logicals ⇒ dmin ≤ 48.

d
(lat)
X = d

(lat)
Z = 48 (proof omitted).

No logical failures observed ⇒ dmin likely near 48.
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Decoding Algorithm (BP + Post-Processing)

1. Joint BP: decode on HX , HZ

using X/Z correlations.

2. Trigger: if unsatisfied checks
are small, start post-processing.

3. ETS library: match odd-check
pairs to precomputed b = 2
ETSs.

4. PP: solve the restricted residual
on suspect set K.

sX = (HZ)K(x)K ⊕ (HZ)K(x̂)K .

(6, 2) ETS (two connected 8-cycles) (12, 2) ETS (five connected 8-cycles)

(8, 2) ETS (path4 attachment)

Figure 1: Representative ETSs used in the library.

6.6 Minimum-distance evaluation

Recall the latent-based distances d
(lat)
X and d

(lat)
Z defined in Section 2. We now construct explicit

low-weight vectors in the latent row spaces that satisfy the active parity checks but are not in the
duals. Equivalently, any x ∈ Row(H̃X) can be written as x = (H̃X)Tu for some u, and likewise for
Z. Concretely, we look for coefficient vectors u ∈ Ker

(
HZ(H̃X)T

)
and v ∈ Ker

(
HX(H̃Z)

T
)
, then

lift them to x = uTH̃X and z = vTH̃Z . Any such x, z yields d
(lat)
X ≤ wt(x) and d

(lat)
Z ≤ wt(z), so

below we exploit the block-diagonal form to obtain explicit weight-48 examples.
Let u,v ∈ F3P

2 be coefficient vectors satisfying diag(ΨT
3 ,Ψ

T
3 ,Ψ

T
3 )u = 0 and diag(Ψ3,Ψ3,Ψ3)v =

0. Define x := uTH̃X and z := vTH̃Z using the latent matrices H̃X and H̃Z . Here HX and HZ

are the active matrices, so u ∈ Ker
(
HZ(H̃X)T

)
and v ∈ Ker

(
HX(H̃Z)

T
)
. With L/2 = 6, J = 3 and

Ψr = 0 (r 6= 3),

HZ(H̃X)T = diag(ΨT
3 ,Ψ

T
3 ,Ψ

T
3 ), HX(H̃Z)

T = diag(Ψ3,Ψ3,Ψ3).

Thus u = (u3,u4,u5) and v = (v3,v4,v5) with ur ∈ Ker(ΨT
3 ) and vr ∈ Ker(Ψ3) for r = 3, 4, 5.

Commutativity makes the terms for u = 2, 3, 4, 5 vanish, so

Ψ3 = F0G3 +G3F0 + F1G2 +G2F1,

and hence
ΨT

3 = FT
0 G

T
3 +GT

3F
T
0 + FT

1 G
T
2 +GT

2F
T
1 .

In this instance, rank(Ψ3) = 576, so dimKer(Ψ3) = dimKer(ΨT
3 ) = 192. The four permutation

terms in Ψ3 have disjoint supports, so both row and column weights are 4 and the kernels are
generated by 192 disjoint weight-4 codewords supported on the 4-point blocks

[t] := {t, t+ 192, t+ 384, t+ 576} ⊂ Z768, t ∈ Z192.

The explicit weight-4 vectors constructed above lift to x = uTH̃X and z = vTH̃Z of weight 48,
and they are not in C⊥

X and C⊥
Z for this instance. This gives the upper bounds d

(lat)
X ≤ 48 and

d
(lat)
Z ≤ 48.

Because each APM block preserves the 4-point blocks, any latent vector x = uTH̃X is block-
constant within each column block. Compressing each column block to length 192 gives x̄ with
wt(x) = 4 wt(x̄). In the compressed space, each generator has weight 12 and overlaps across row
blocks are uniformly bounded, so any nonzero x̄ has wt(x̄) ≥ 12. Hence wt(x) ≥ 48, and the same

11
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Performance

Code: girth-8, (3,12)-regular
[[9216, 4612,≤ 48]].

Decoding: joint BP + PP
reaches FER 10−8 at p = 4%.

Degeneracy: many
weight-12 degenerate errors
are corrected.

Benchmark: BP aligns with
DE (cycle-free, random
non-orthogonal (3,12) code).
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Conclusion

Main message
We built a quantum LDPC setting where classical LDPC design

principles and know-how naturally remain useful.

Degree distribution determines the BP threshold.

APMs create room for randomness, large girth, and distance under
CSS commutativity.

BP approaches the classical sparse-graph benchmark.
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